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Communications of the ACM

An Axiomatic Basis for
Computer Programming

C. A. R. Hoarg

October, 1969 (\

Line
number Formal proof

1 true Dz =z+y X0

true {r:=zjz=7r-+y X0

S v B W

r=r+yYXgAy<roOz =
(r—y) 4+ v X (1+¢)

7T z=(-y)+yX Q+{r := r—ylz

r+y X (1+4+q)

8 z=r+yX {d+glq:= 1+qglz =
T+ y X g

9 = (r—y)+y X A+g)ir := r—y;
¢g:=1l+qglxz=r+yXyg

10 z=r4+yXgANy<rir:=r—y;
¢i=1l+glz=r+yXgq

11 T =14+ y X q {while y<r do

(ri=r—y; q:=1+4¢)]
y<KrANz=r+yXgq

12 true {((r := z; ¢q :=0); whiley < r do
(ri=r—y; ¢:=14+g@)} ~y<rAz

r+y X q

‘*——ti

r=z4+YyYX0fr:=zlz=r+yX0
z=1r+yX0{g:=0z=r+yXgq

true {r :=2; ¢g:=0lz=r+yXqg

Justification
Lemma 1

DO
DO
D1 (1, 2)
D2 (4, 3)
Lemma 2
DO
Do
D2 (7, 8)

D1 (6, 9)

D3 (10)

D2 (5, 11)




begin
comment This program operates on an array A{l:N], and a
value of f(1 < f € N). Its efiect is to rearrange the elements
of A insuch a way that:
vpa(1<p<S<qENDAlpIS A< Alg));
integer m, n; comment
m< f &wyp,q1<p<m<g<NDAlp]< Alg]), Communicdations of the ACM January, 1971
f€n &yp,g(1Sp<n<gSNDA[p]< Algh);
m:=1;, n:= N; Proof of d Program: FIND
while m < n do
begin integer r, 1, 7, w;
comment C. A. R. Hoare
m<i: &yp(l<p<iDAlp|<r), Queen’s University,* Belfast, Ireland
J € n &ye(<gsNDr<Algl);
r:= Alf]; 1 :=m; ;7 := n;
while 1 < j do
begin while A{{] < rdot :=: 4+ 1,
whiler < A{7Jdoj :=7— 1
comment Aj] £ r < Al:);
if 1 < j then
begin w := Al:]; Ali] := A[j);
comment A[i1] € r < AQ);
1=t 4+1; 7:=7—1,
end
end increase 1 and decrease j;
iff < jthenn :=;
elseif 1 < fthenm :=1
else go to L
end reduce middle part;
L:
end Find

w——:

y

Alg] o= w;




Acta Informatica 6, 319—340 (1976)

An Axiomatic Proof Technique for Parallel Programs I *

Susan Owicki and David Gries

{x=0}
S: cobegin {x=0}
{x=0v x=2}
S1: await true then v : = x4+ 1
01: x=1v x=3}
/]
(x=0)
{x=0v x=1}
S52: await true then x ;= x| 2
{02: x=2 v x=3}
coend

{(x=1vr=3)A(x=2V x=3)}

{r=3}



Proceedings of the 17th Annual IEEE Symposium on Logic in Computer Science (LICS’02)
Separation Logic: A Logic for Shared Mutable Data Structures
{3a, B. (list « (i, nil) * list 3 (j, nil))
Aal =al-BAi# nil}
{da, a, 6. (list a-« (i, nil) * list G (j, nil))
Aoy = (a-a)t )
{da,a, B, k. (i — a,k x list a (k, nil) * list § (j, nil))
Aaj = (aa)p)
k:=li+1];
{da,a, 8. (i — a,k x list a (k, nil) * list 3 (j, nil))
Aoy = ()t )
i+ 1]:=j;
{da,a, 5. (i a,j * list a (k,nil) * list 3 (j, nil))

Aod = (a-)-6}
{da, a, 6. (list a (k, nil) * list a-3 (i, nil))

John C. Reynolds*

Aal = afag)
{Ja, 8. (list o (k,mil) * list 3 (i, nil)) A o) = of-3}
ji=1;1:=Kk

{Ja, B. (list a (i, nil) * list 3 (j, nil)) A of = a5},



Ribbon proofs are...

» an alternative to proof » readable, flexible, and
outlines attractive

» applicable to separation » less repetitive than proof
logic (and descendants) outlines, so more scalable



Tiny example



[x]:

[y]:

[z]:

b

b

b



{XI—>O>|<yI—>O>l<ZI—>O}
[x]:=1;
{XHl*yHO*zHO}
[y]:=1;
{XI—>1>I<yI—>1>I<ZI%O}
[z] :=1;
{XI—>1>I<yH1>I<ZI—>1}



{x—0xy—0xz—0}
Sk

Lxy— 0%z O}

Jy—1xz—0}




{XI—>O>|<yI—>O>l<ZI—>O}
[x]:=1;
{XHl*yHO*zHO}
[y]:=1;
{XI—>1>I<yI—>1>I<ZI%O}
[z] :=1;
{XI—>1>I<yH1>I<ZI—>1}



frame
x> 1xz—0

{XI—)O*yHO*zHO}
[x]:=1;

i x—=1lxy—0xz—0
1 j

{y—0}

 small axiom
for heap update

{y—1}

_{X|—>1*y|—>1*zHO}_
[z] :=1;
{XHl*y%l*ZHl}



{XI—>O>|<yI—>O>l<ZI—>O}
[x]:=1;
{XHl*yHO*zHO}
[y]:=1;
{XI—>1>I<yI—>1>I<ZI%O}
[z] :=1;
{XI—>1>I<yH1>I<ZI—>1}



mchunkptr b, p;
idx += “smallbits & 1; /* Uses next bin if idx empty */

(3{U; | i € [0,63)},n. arena(A, ¥ (Lﬂ?io. U;)u) * least_addr = 5w
q * nw = [bytes], * 8idx > (n+1)w % 2 <idx <32 % smallmapjq,) =1,
\ %92 smallbing (U;) = 2. treebing Uy 52)
b = smallbin_at(gm, idx);

(3{U; | i € [0,63)},n. arena(A, & ({52, U;)y) * least_addr = Hw )
«+ nw = [bytes], * 8idx > (n+ 1)w * 2 < idx <32 x smallmapjq,) =1
* b = smallbins + 8idx * bin(|idx|,b,Uisx) * Uiax # {}

[ * Xic(0.32)—iax- smallbing(U;) * X2 . treebing (Uss2) )
// rename U_idx to U_idx++[p+2w->8idx-1w]

(3{U; | i €[0,63)}, p,n. arena(A, & (Lﬂ?io. U)o W {p+2w—,8idx — 1w})

* least_addr = 5w * nw = [bytes|  * 8idx > (n+ 1w * 2 <idx < 32
q * smallmapp4, =1 * b= smallbins + 8idx >
« b p « pr5S b o« (bnode |idx|)*(p, b, Usax W {p + 2w — 8idx — 1w})

L * Ficio. 32)iax- smallbing(U;) * 2 treebing (U 50)

p = b->fd;

(3{U; | i €[0,63)},n, F. arena(A, & ({02, Us)u W {p + 2w, 8idx — 1w})

* least_addr = 5w * nw = [bytes| 6 * 8idx > (n+ 1w * 2 <idx < 32

*

/

*

q * smallmapg4, =1 * b= smallbins + 8idx

size

« DS p ok pr2S b o L(pr2 8idx) x pHB F o« F 25 p x (bnode|idx|)*(F,b, Uiax)

| * *ie[o..%)_idx.smallbmi(Ui) * *?io.treebmi(UHgg)
//assert(chunksize(p) == small_index2size(idx));

unlink_first_small_chunk(gm, b, p, idx);
(3{U; | i €[0,63)},n. arena(As & (Wit Uy & {p + 2w, 8idx — 1w})

{ * least_addr = 5w * nw = [bytes] 6 * 8idx > (n+ 1w * 2 < idx < 32 >

L+ 3(p S8 8idx) % prY  ox p 2y *?io- smallbin; (U;) * *?io- treebin;(Uiy32) |

(MU, |i€[0,63)}, By, Ba,n. coallesced (A, & (Lﬂ?io. Ui)uW{p+ 2w+, 8idx — lw}) )
prevfoot pinuse

* start ———  * start ——— 1 x wublock(top, top + topsize, )

* block™(start,p, B1) * wublock(p,p + 8idx, {p + 2w+, 8idx — 1w})

* block™(p + 8idx, top, By) * By W By = A, W (E-ino. Uiy

* least_addr = 5w * nw = [bytes| 6 * 8idx > (n+ 1w * 2 <idx < 32

size

| * %(pl—>81dx) * pl&

« p sk *?io.smallbini(Ui) * *?io' treebin;(U;+32)




{XI—)O*yI%O*zHO}
[x]:=1;
{Xr—>1>|<yHO>k21—>O}
[y]:=1;
{XHl*ylﬁl*ZI—)O}
[z] :=1;
{XHl*ywl*zwl}

A proof outline

A ribbon proof

z +— 1



{XI—)O*yI%O*zHO}
[x]:=1;
{Xr—>1>|<yHO>k21—>O}
[y]:=1;
{XHl*ylﬁl*ZI—)O}
[z] :=1;
{XHl*ywl*zwl}

A proof outline

A ribbon proof

z +— 1



{XI—)O*yI%O*zHO} x — () y — 0 z — 0
[x]:=1;

{Xr—>1>|<yHO>k21—>O}

[y]:=1; [x] :=1

{x—1xy—1xz—0} x — 1 yHl |
[z] :=1;
{XHl*ywl*zwl}

A proof outline A ribbon proof



Example: in-place list reversal



y = nil;
while (x != nil) {
[x+1];




y = nil;
while (x != nil) {
[x+1];

T




y = nll; nil
while (x '= nil) {

[x+1];

T




y = nil; /p ,f

while (x !'= nil) {

[x+1];

o) O S e
nil -/ -/ nil




y = nil; r \

while (x !'= nil) {

[x+1];

o S e
nil ‘\\\\\' .,////? nil




y = nil; \‘ \\

while (x !'= nil) {

[x+1];

nil ‘\\\\\. ‘\\\\\o nil




y = nil;
while (x != nil) {
[x+1];

nil




list ap x

y = nil;
while (x != nil) {
[x+1];




listex = (x =nil) {

list (i -z = (2. x> i,0 + lista' o)

w—-— ‘

l1st o x
y = nil;
while (x != nil) {
[x+1];




listx = (x=nil)V
(2" .z — _, o’ * list 2)

”-—

list x
y = nil;
while (x != nil) {
[x+1];




list x

listw (r =nil)V

(2" .z — _, o’ * list 2)

”‘_

list x
y = nil;
while (x != nil) {
[x+1];

list y



list x

list y

listw (r =nil)V

(2" .z — _, o’ * list 2)

”‘_

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list y



list x

listw (r =nil) V

(2" .z — _, o’ * list 2)

w‘,

list y
while (x!=nil) {

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list y



list x

listw (r =nil) V

(2" .z — _, o’ * list 2)

w‘,

list y
while (x!'=nil) {
x # nil list x list y

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list y



list x

listw (r =nil) V

(2" .z — _, o’ * list 2)

w‘,

list y
while (x!'=nil) {
x # nil list x

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list y



listw (r =nil) V

(2" .z — _, o’ * list 2)

“Ill..---_

list x
y = nil;
while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

while (x!=nil) {

X =nil

list x

list y

list y

list y



listw (r =nil) V

(2" .z — _, o’ * list 2)

“Ill..---_

list x
y = nil;
while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

while (x!=nil) {

X =nil

list y

list y



list x

listw (r =nil)V

(2" .z — _, o’ * list 2)

W —

list y
while (x'=nil) {
X:¥:nil
list x 3Z.x— ,ZxlistZ
y = nil;
while (x != nil) {
:= [x+1];
[x+1] := y;

list x list y

X =nil

list y



list x

listw (r =nil)V

(2" .z — _, o’ * list 2)

”-_

list y
while (x!=nil) {
Xr#rnil

list x 3Z.x— , Z*list Z

list z , Z

y = nil;
while (x !'= nil) {
:= [x+1];
[x+1] := y;

list x list y

X =nil

list y



list x

”‘_

T (z =nil)V

(2" .z — _, o’ * list 2)

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list x

list y
while (x!=nil) {
X 7é nil
Unfold [lzst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z
[x+1] :=y
X,y

list x list y

X =nil

list y



list x

”-

T (z =nil)V

(2" .z — _, o’ * list 2)

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list x

list y
while (x!=nil) {
X 7é nil
Unfold [lzst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z
I

X ¥y
Fold list def

list x

list x list y

X =nil

list y



list x

”-

T (z =nil)V

(2" .z — _, o’ * list 2)

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list x

while (x!=nil) {
X 7é nil
Unfold [lzst def
dZ.x— ZxlistZ
z:=[x+1]

list z X— ,Z

[

X ¥y
Fold list def

list x

X =nil

list y

list y



list x

”-

T (z =nil)V

(2" .z — _, o’ * list 2)

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list x

while (x!=nil) {
X 7é nil
Unfold [lzst def
dZ.x— ZxlistZ
z:=[x+1]

list z X— ,Z

[

X ¥y
Fold list def

list x

X =nil

list y

list y



list x

”-

T (z =nil)V

(2" .z — _, o’ * list 2)

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list x

while (x!=nil) {
X 7é nil
Unfold [lzst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z

[
X ¥y

Fold list def

list x

list y

list y



list x

RE—

T (z =nil)V

(2" .z — _, o’ * list 2)

list x
y = nil;
while (x !'= nil) {
= [x+1];
[x+1] := y;

list x

list y
while (x!=nil) {
X 7é nil
Unfold [lzst def
dZ.x— ZxlistZ
z:=[x+1]

list z X— ,Z

[

X ¥y
Fold list def

list x

V=X

st y

list x

X =nil

Unfold [lzst def

list y



Dealing with quantifiers



listex = (x =nil) {

list (i -z = (2. x> i,0 + lista' o)

w—-— ‘

list o x
y = nil;
while (x != nil) {
z := [x+1];




def

list e x (r =nil) {

list (i -z = (2. x> i,0 + lista' o)

w—-— ‘

list o x

Ja, B. list ax * list By
xag =B«
while (x !'= nil) {
z := [x+1];
[x+1] := y;




{listao x}
y:=nil;
{list Qo X * listey}
// Choose «:=«p and (3 :=¢€
while {Ha,ﬁ. listax*list By * ag = BT a}
(x!=nil) {
Ja, B.x # nil x listax « list By
{ xap =B }
// Unfold list def
da, 8. (3,4, Z. x>0, Z * list & z
{*aii-a')*listﬁy*aoiﬁT-a}
// Choose « :=a’
do, B4, Z.x— 1, L x lista Z
{*aoiBT-(i-a)*listﬁy }
z:=[x+1];
da, B,i. listaz xx+—> 1,z
{*ao BY- (i a)*lzstﬁy}
// Reassociate i
da, B,1. istazxx 1,z
{*aoz(z oz*lzstﬁy}
[x+1] :=y;
Ja, B,1. listazxx— 1,y
{*ao—(z a*lzstﬁy}
// Fold list def
da, B, 4. list az * list (i - B) x
ety
// Choose [ := (i-f)
{Ela,ﬁ. list vz * list Bx * ag = BT - a}
y:i=X;
{Eloz,ﬂ. list oz * list By * ag = B - a}
X:=2;
{Ela,ﬁ. list ax * list By * g = B - a}
}
da, B.x =nil x listax * list By
{ xop ="« }
// Unfold list def
{Ha,ﬁ.aie*listﬁy*ao = gt -oz}
// Concatenate empty sequence
{3B.list By * ap = BT}
// Fold list def

{list ozzr) v}



y-—11l,
{list Qo X * 18t ey}
// Choose a:= g and [ :=¢€
while {Ela,ﬁ. listaox x list By x cg = BT - a}
(x!'=nil) {
Jov, B.x # nil  list ax  list By
{*O&QiﬁT°Oé }
// Unfold [ist def
da, 8. (3,4, Z.x v 1, Z * list & z
{*aii-a’)*listﬁy*aoiﬁT-04}
// Choose « := o'
{Ha,ﬂ,i,Z.XI—)i,Z*liStOéZ}

xao =0T (i-a)xlst By

z:=[x+1];
Jor 6,@ lzstaz*xn—m Z
xao =BT (i-a)xlst By

// Rea55001ate ) }

Ja, B,1. istaz*xx 1,2z
{*aoi(i B)1 a*lzstﬁy}
[x+1] :=y;

Ja, 3, 1. lzstozz*w—ﬂy
{*Oéo (3- B)1 a*lzstﬂy}
// Fold [ist def

da, B, 1. list oz * list (i - B) x
{*ao—(i-ﬂ)T-a }

7 /7 s~ Yo I [ I\



y-—11l,
{lz’st Qo X * 18t ey}
// Choose a:= g and B := ¢
while {Ela, B.listax* list By *ag = [T a}
(x!'=nil) {
Ja, B.x # nil * list ax * list By
(ransha |
_» Unfold lzst def
", x>0, 2 * lzsta Z
YO =i ) * lzstﬁy xap = 8- }

jir Z.x i, Z x list o Z
:Oéo—ﬁT (- ) x list By

{Ela B, listazxx 1,2

xao =B (3 lzstﬁy}
// Reassociate )
{Eloz B . listazxx>1,2 }

xao=(i-P)-axlistBy

{Ela ,B,1. listazxx— 1,y

xao=(i-B) -axlistBy
// Fold list def

da, B, 1. list oz * list (1 - B) x
{*&Qi(i-ﬂ)T'Oz }

7 /7 s~ Yo I [ I\



{listao x}
y:=nil;
{list Qo X * listey}
// Choose «:=«p and (3 :=¢€
while {Ha,ﬁ. listax*list By * ag = BT a}
(x!=nil) {
Ja, B.x # nil x listax « list By
{ xap =B }
// Unfold list def
da, 8. (3,4, Z. x>0, Z * list & z
{*aii-a')*listﬁy*aoiﬁT-a}
// Choose « :=a’
do, B4, Z.x— 1, L x lista Z
{*aoiBT-(i-a)*listﬁy }
z:=[x+1];
da, B,i. listaz xx+—> 1,z
{*ao BY- (i a)*lzstﬁy}
// Reassociate i
da, B,1. istazxx 1,z
{*aoz(z oz*lzstﬁy}
[x+1] :=y;
Ja, B,1. listazxx— 1,y
{*ao—(z a*lzstﬁy}
// Fold list def
da, B, 4. list az * list (i - B) x
ety
// Choose [ := (i-f)
{Ela,ﬁ. list vz * list Bx * ag = BT - a}
y:i=X;
{Eloz,ﬂ. list oz * list By * ag = B - a}
X:=2;
{Ela,ﬁ. list ax * list By * g = B - a}
}
da, B.x =nil x listax * list By
{ xop ="« }
// Unfold list def
{Ha,ﬁ.aie*listﬁy*ao = gt -oz}
// Concatenate empty sequence
{3B.list By * ap = BT}
// Fold list def

{list ozzr) v}



{listaox}

y:=nil;

{list oo X * list ey}

// Choose «:=«p and (3 :=¢€

while {Eloz,ﬁ. listax*list By * ag = BT a}
(x!'=nil) {

Ja, B.x # nil * list ax * list By
{*OéoiﬁT'Oé }
// Unfold list def

da, 8. (3 i, Z. x4, Z x list o z
{*aii-a’)*listﬁy*aoiBT-a}
// Choose « :=a’

da, B0, Z.x— 1,4 x hista Z
{*aoiﬁT-(i-a)*listﬁy }
z:=[x+1];

da, B,i. listaz xx+—> 1,z
{*aoiﬁT-(i-a)*lz’stﬁy}

// Reassociate ¢

da, B,1. listazxx 1,z
{*aoi(i-B)T-a*h}stﬁy}
[x+1]:=y;

da, Byt listazxx— 1,y
{*aoi(i-ﬂ)T'a*listﬁy}

// Fold list def

Ja, B, 4. list oz * list (i - B) x
it
// Choose [ := (i-f)

‘ {Eloz,ﬁ. list vz * list Bx* ag = BT .oz}
y:i=X;
{Eloz,ﬁ. list az * list By * ag = 37 ooz}
X:=z;
{Ela,ﬁ. list ax * list By * ag = 31 -a}
}

da, B.x =nil x listax * list By
{*aoiﬂT-a }

// Unfold list def
{Ha,ﬂ.aie*listﬁy*aoiBT-oz}
// Concatenate empty sequence
{3B. list By x o = BT}

// Fold list def

{list ozzr) v}

list cp x

list ey
3&2 hstax listBy o=
‘3 B«

X;;énil |

Unfold lzst def

Ao ,i, 2. x4, 7
x lista' Z
xa=1-a

Choose o := o/
9ol 3Z.x— i, Z ap = BT
| x list o Z S CRN) Il S——

1

listaz xv+>i,z Reassoc-
1ate ¢
[x+1] :=y oy =

X1,y (i-B)T-a

Fold lzst def

list (i - B) x

|
Unfold lzst def

o =€

Concatenate empty sequence

oo = (1
Fold lzst def
list oy y

45



list g x

y:=nil

list ey
H&Llistcxx list By o =
8- a

, )
Unfold [zst def

da’ i, Z.x— 1,7
x lista' Z
* Q=1 - a
E|ZXI—>’LZ QU H
x listaw £ (z’-oz) \

lzst azZ X+1,Z Reassoc-
1ate 2




Ve

da’, i, 2. x— 1,2
x lista Z
xa =1
G0 3Z.x—i,Z ag =B H
_JH. x list o 4 (1-a) |

1

listaz x+>1,2z Reassoc-
1ate ¢

[x+1] :=y o
X0y (i-B)F-a
Fold lzst deft
 list(i- ) x
( list B x ap =
36 BT«

list By

list o x




list cp x
y:=nil
list ey
Holég listax listBy o=
BT«

|
Unfold lzst def

A8, Z. x4, 7
x lista' Z

xa=1-a

o  AZ.xi,Z ap = BT
L x lista Z (i-a) L B

1
listaz xv+>i,z Reassoc-
1ate ¢
[x+1] :=y oy =

Fold lzst def

|
Unfold lzst def

o =€

Concatenate empty sequence

aoiﬁT

Fold lzst def

list o)y
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list cp x

list ey
Holg)jlistax list By oo =
‘3. BT«

X;;énil |

Unfold lzst def

a0, 2. x4, 7
x lista' Z
xa=1-a

Jof | Z.x—i,Z  ag =" |
L. * listaw Z (i-a) L B

1
listaz xv+>i,z Reassoc-
1ate ¢

oo =

Fold lzst def

|
Unfold lzst def

o =€
Concatenate empty sequence
ap = A1

Fold lzst def

list o) y




Dealing with program variables



z — 1



X — 1









(P} c {Q) i
{Px R} C{Q x R}

providing fu(R) n modified(C) = {}

W ———










list o x
y:=nil
list ey
Choose o := ap and B := €
Hclyg listax lstBy oo=
- BT o

|
Unfold lzst def

)i, Z. x4, 7
x lista' Z

xa=1-a

Jo AZ.x+— 1,2 Q) iIBT
. x listao Z (1-a) L B

7

listaz x+>i,z Reassoc-
1ate ¢

[x+1] :=y i =
Fold [list def
list (i - B) x

|
Unfold lzst def

a =€

Concatenate empty sequence

Oé()i,@Jr

Fold lzst def
[

18t o y
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EIZXH@Z aozﬁTH
i x list o Z (1. a) L b

lzst azZ X+H>1,Z Reassoc-
1ate 2

[x+1] :=y Ozo :
X1 Y 5)T.a

Fold lzst def

list (
Chooseﬁ = (7 - ﬁ

list 0 x

LLJ
I_I_ILQ—

e’

y:=X
X.=Z list By
list o x




list o x
y:=nil
list ey
Choose o := ap and B := €
Hclyg listax lstBy oo=
- BT o

|
Unfold lzst def

)i, Z. x4, 7
x lista' Z

xa=1-a

Jo AZ.x+— 1,2 Q) iIBT
. x listao Z (1-a) L B

7

listaz x+>i,z Reassoc-
1ate ¢

[x+1] :=y i =
Fold [list def
list (i - B) x

|
Unfold lzst def

a =€

Concatenate empty sequence

Oé()i,@Jr

Fold lzst def
[

18t o y
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(P} c {Q) i
{Px R} C{Q x R}

providing fu(R) n modified(C) = {}

W ———




Py €16}

{Px R} C{Q x R}




Py €16}

{Px R} C{Q * R}
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x listapx =z y

2 §x list cp x y listey

Choose a := ap and § := ¢

Jo 30 %x list a x y lstBy oo=8" -«

%x X;:énil

|
J

Unfold list def

Ao, i, Z.x— 1, 7 *

lzsta Zxa=1-o
Choosea = qa’

x ddzx—i,Zxhstasd =
- Spity Via |
S %z listaz X, z X+—>1,2 1 %y Y
+1 = .1
S
2z ,2y X1,y ap =
. - WW‘ (i'/B)T'CY
|
z histaz H lzst
Choose 3 :=
3‘/(3 lzstﬁx
y:i=x

Unfold list def
= oa=ce
Concatenate empty seq.
— a0 = f' r J

Fold lzst def

y  list ag y



x lbstagx =z

y

%X %X list g x y list ey

Choose o := ap and § := ¢
Jo 30tz listax y lstBy ao=8-a

while (x!=nil) {

%X X;Znil

X da’,i, Z. x> 1, Z % }
T lista! Zxo=1-qd (
Jol x AZxei, ZxlistaZ o = L
- B-(i-a) |\
i tz  listaz X,2Z X+>1,2 2y 2y §
[x+1] :=y =
1 1 : < :
52 X,5Y X1,y g =
(i-B)"-a

Fold list def

Z list a z X list (i - B) x y




L5

1
2

X dZ. x>, L xlista/

Z:=[x+1]

z:=bcd] ISPl

=

Va)

~~
X®
<

|

z listaz X, %z
x+1] :=y
1 1
§Z X, §y

X+>1,2Z

plity
2y 2y

X1,y

Fold list def

Z list o z X

DO —

X

1

X =x listax

2

X x=nil

)

Choose 3 := (i - B)
list B x

list (i - B) x y

X y list By

Z

Oz().

8t - (i a)

Reassoc. 1

Oéoi

(i-ﬁ)T-a

aoiﬁT-a




list oo x

list ey
H&L lhistax listBy aop=
‘3 BT«

x;:énil |

Unfold lzst def
o’ i, Z.x 1,7
x lista’ 7

xa=1-a

Choose a := o’
Jof  Z.x—i,Z  ag =BT |
L xlistaZ (i) LT/

listaz x+>i,z Reassoc-
1ate ¢

Fold lzst def

| list(i-B)x

Unfold list def

o =€
Concatenate empty sequence
ag = B

Fold list def

list o)) y

x listapx =z y

2 §x list aig x y listey
Choose o := ap and § := ¢
Ja 3/ %X list a x y lstBy oo=8" -«
%x X;:énil

|
J

Unfold list def

Ao, i, Z.x— 1, 7 *

lzsta Zxa=1-o
Choosea = qa’

x dzx—i,ZxlistaZ oo =
- R a
S %z listaz X, z X+—>1,2 1 %y Y
S
2z ,2y X1,y = ap =
S . (i-B) -«
STTEN | S —
z list az H list (1
Choose (8 := (i
3‘/(3 lzstﬁx
y =X

.

Unfold list def

X a = €

Concatenate empty seq.

—— a0 = §' r

Fold lzst def

y  list ag y



Future directions



Where now?

_Vj Define two-dimensional syntax of ribbon proofs, a
formal semantics, and a collection of proof rules

|| Graphical user interface for constructing and checking
ribbon proofs

Application to more exotic program logics

| Connections to bigraphs, string diagrams, proof nets



Ribbon proofs are...

» an alternative to proof » readable, flexible, and
outlines attractive

» applicable to separation » less repetitive than proof
logic (and descendants) outlines, so more scalable



