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Formal proof

true Dz =2+ y X0
r=z4+YyYX0fr:=zlz=r+yX0
r=r+yX0{¢g:=0z=r+4+yXaqg
rjz=r4+yXxXo0

g =0lz=r+yXyqg
r+yYX gAY roOz =
r—y) + v X (14+¢)

true {r :=
true {r := z;
xr =

T = (r—y) +y X +g{r := r—ylz =
r+y X (1+q)

z=r+y X (I+g){q := 14qlzx =
T+ y X g

= (r—y)+ y X QA+g){r := r—y;
qg:=1+qle=r+ yXq

=1+ yYyXgNy<rir:=r—y;
g:=1l+glz=r+yXg

T =14+ y X q {while y<r do
(r:=r—y; q:= 14¢q)}

y<KrANz=r+yXgq

true {((r := z; ¢q :=0); whiley < r do
(ri=r—y; g:=14+q))} "y rAz=
T+ y Xq

Justification
Lemma 1

DO
DO
D1 (1, 2)
D2 (4, 3)
Lemma 2
DO
Do
D2 (7, 8)

D1 (6, 9)

D3 (10)

D2 (5, 11)




begin
comment This program operates on an array A[l:.V], and a
value of f(1 < f € N). Its eflect is to rearrange the elements
of A in such a way that:
vr.q(1Sp<f<gSNDA[pIS AlfIS Alg]);
integer m, n; comment
m< f &wp,g(l<p<m<g<NDAp|< Alq)), Communications of the ACM January, 1971
f<n &yp,g(1<p<n<g<NDA[p]< Alg));
mi=1; ni= N Proof of a Program: FIND
while m < n do
begin integer r, 1, 7, w;
comment C. A. R. Hoare
m < i & yp(1<p<iDA[p]<r), Queen’s University,* Belfast, Ireland
j £ n &ye(G<gSNDr<Algh;
r:= Alf]; 1t :=m; j:= n;
while 1 < j do
begin while Alil < rdo 1 := 1 4+ |,
whiler < A{7)]Jdoj:=7—1
comment A[j] £ r < Ali];
if 1 < j then
begin w := A[t]; Ali] := Alj]; Alj) := w;
comment A <r < A(j);
ti=14+1; 7:=73—1;
end
end increase t and decrease j;
iff < j)thenn :=)
elseif 1 < fthenm := 1
else go to L
end reduce middle part;
L:
end Find
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An Axiomatic Proof Technique for Parallel Programs I*

Susan Owicki and David Gries

{xr=0}
S: cobegin {x=0}

{x=0v x=2}
S1: await true then v : = x4+ 1
{01: x=1v x=3}
/]

(x=0})
{x=0v x=1}
S2: await true then x := x| 2
{02: x=2v x=13}

coend

{(x=1vr=3)A(x=2Vv x=3)}

{x=3)
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Separation Logic: A Logic for Shared Mutable Data Structures
{3, 6. (list a (i, nil) * list 3 (j, nil))
Aa) =al-BAi# nil}
{da, o, 8. (list a-a (i, nil) * list G (j, nil))
Aol = (a-a)-B}
{da,a, B, k. (i— a, k x list a (k,nil) * list 3 (j, nil))
Aol = (a-a)T B}
k:=li+1];
{da,a, B. (i a, k x list a (k,nil) * list § (j, nil))
Ao = (aa)t-B)
i+ 1]:=];
{da,, 5. (i a,]j * list a (k, nil) * list g (j, nil))
Ao = ()t )
{da, a, 5. (list a (k, nil) * list a-F (i, nil))

John C. Reynolds*

Aal = alapg)
{Ja, 8. (list a (k, mil) = list G (i, nil)) A af = of -8}
ji=1;1:=k

(3o, B. (list « (i, mil) = list 3 (j, nil)) A of = af-5}.



Tiny example



[x]:

[y]:

[z] :

b

b

b



{XHO*Y%O*Z%O}
[x]:=1;
{X|—>1>l<yHO>I<ZI—>O}
[y]:=1;
{X|—>1*yH1*ZI—>O}
[z] :=1;
{XI—)l*yHl*ZI—)l}



{XHO*y%O*Zl_)O}
Lx]:=1;
Ty 0%z—0}

ey 1xz—0}




{XHO*Y%O*Z%O}
[x]:=1;
{X|—>1>l<yHO>I<ZI—>O}
[y]:=1;
{X|—>1*yH1*ZI—>O}
[z] :=1;
{XI—)l*yHl*ZI—)l}



{XHO*Y%O*Z%O}
[x]:=1;
{X|—>1>l<yHO>I<ZI—>O}
[y]:=1;
{X|—>1*yH1*ZI—>O}
[z] :=1;
{XI—)l*yHl*ZI—)l}



frame
x—=1%xz—0

{XI—>O>|<yI—>O>|<ZI—>O}
[x]:=1;

i x—=>1lxy—=>0xz—0
1 j

{y—0}

small axiom
for heap update

{y—1}

_{XHl*YHl*ZHO}_
[z] :=1;
{XI—>1>I<YH1>I<ZI—>1}



{XHO*Y%O*Z%O}
[x]:=1;
{X|—>1>l<yHO>I<ZI—>O}
[y]:=1;
{X|—>1*yH1*ZI—>O}
[z] :=1;
{XI—)l*yHl*ZI—)l}



mchunkptr b, p;
idx += “smallbits & 1; /* Uses next bin if idx empty */

(3{U; | i € [0,63)},n. arena(A, ¥ (Lﬂ?io. U;)u) * least_addr = 5w
q * nw = [bytes], * 8idx > (n+1)w % 2 <idx <32 % smallmapjq,) =1,
\ %92 smallbing (U;) = 2. treebing Uy 52)
b = smallbin_at(gm, idx);

(3{U; | i € [0,63)},n. arena(A, & ({52, U;)y) * least_addr = Hw )
«+ nw = [bytes], * 8idx > (n+ 1)w * 2 < idx <32 x smallmapjq,) =1
* b = smallbins + 8idx * bin(|idx|,b,Uisx) * Uiax # {}

[ * Xic(0.32)—iax- smallbing(U;) * X2 . treebing (Uss2) )
// rename U_idx to U_idx++[p+2w->8idx-1w]

(3{U; | i €[0,63)}, p,n. arena(A, & (Lﬂ?io. U)o W {p+2w—,8idx — 1w})

* least_addr = 5w * nw = [bytes|  * 8idx > (n+ 1w * 2 <idx < 32
q * smallmapp4, =1 * b= smallbins + 8idx >
« b p « pr5S b o« (bnode |idx|)*(p, b, Usax W {p + 2w — 8idx — 1w})

L * Ficio. 32)iax- smallbing(U;) * 2 treebing (U 50)

p = b->fd;

(3{U; | i €[0,63)},n, F. arena(A, & ({02, Us)u W {p + 2w, 8idx — 1w})

* least_addr = 5w * nw = [bytes| 6 * 8idx > (n+ 1w * 2 <idx < 32

*

/

*

q * smallmapg4, =1 * b= smallbins + 8idx

size

« DS p ok pr2S b o L(pr2 8idx) x pHB F o« F 25 p x (bnode|idx|)*(F,b, Uiax)

| * *ie[o..32)—idx-Smallbmz‘(Uz’) * *?io- treebin;(U;132)

//assert(chunksize(p) == small_index2size(idx));
unlink_first_small_chunk(gm, b, p, idx);
(3{U; | i €[0,63)},n. arena(As & (Wit Uy & {p + 2w, 8idx — 1w}) )
{ * least_addr = 5w * nw = [bytes] 6 * 8idx > (n+ 1w * 2 < idx < 32 >
L+ 3(p S8 8idx) % prY  ox p 2y *?io- smallbin; (U;) * *?io- treebin;(Uiy32) |
(MU, |i€[0,63)}, By, Ba,n. coallesced (A, & (Lﬂ?io. Ui)uW{p+ 2w+, 8idx — lw}) )
prevfoot pinuse

* start ———  * start ——— 1 x wublock(top, top + topsize, )

* block™(start,p, B1) * wublock(p,p + 8idx, {p + 2w+, 8idx — 1w})

* block™(p + 8idx, top, By) * By W By = A, W (E-ino. Uiy

* least_addr = 5w * nw = [bytes| 6 * 8idx > (n+ 1w * 2 <idx < 32

size

| * %(pl—>81dx) * pl&

« p sk *?io.smallbini(Ui) * *?io' treebin;(U;+32)




{XI—>O>|<yI—>O>|<ZI—>O}
[x]:=1;
{XI—>1>l<yl—>O>l<Zi—>O}
[y]:=1;
{XHl*yﬁl*zHO}
[z] :=1;
{XI—)l*}ﬂ%l*Zl—)l}

A proof outline

A ribbon proof



{XI—>O>|<yI—>O>|<ZI—>O}
[x]:=1;
{XI—>1>l<yl—>O>l<Zi—>O}
[y]:=1;
{XHl*yﬁl*zHO}
[z] :=1;
{XI—)l*}ﬂ%l*Zl—)l}

A proof outline

A ribbon proof

zZ — 1



{X|—>O>|<y|—>0>s<21—>()} <= 0 yH() 7+ ()
[x]:=1;

{XI—>1>l<yl—>O>l<Zi—>O}

3201 ).

{Xlﬁl*yﬁl*zﬁ()} < = 1 y%l A
[z] :=1;
{XI—)l*}ﬂ%l*Zl—)l}

A proof outline A ribbon proof



Example: in-place list reversal



list x

listr (r =nil) V

(Fx'.x — _, 2’ x list ')

:= nil;
while (x '= nil) {

z := [x+1];

list y



list x

list y

listr (r =nil) V

(Fx'.x — _, 2’ x list ')

:= nil;
while (x '= nil) {

z := [x+1];
[x+1] := y;

list y



list x

listr (r =nil) V

list
(Fx". x — _, x’ x list ') 4

while (x!=nil) {

:= nil;
while (x '= nil) {

z := [x+1];
[x+1] := y;

list y



list x

listr (r =nil) V

list
(Fx". x — _, x’ x list ') 4

while (x!'=nil) {
x # nil list x list y

:= nil;
while (x '= nil) {

z := [x+1];
[x+1] := y;

list y



list x

listr (r =nil) V

list
(Fx". x — _, x’ x list ') 4

while (x!'=nil) {
x # nil list x

:= nil;
while (x '= nil) {

z := [x+1];
[x+1] := y;

list y



listxr = (x=mnil)V
(Fx'.x — _, 2’ x list ')

NI e

list x

y = nil;

while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

list y
while (x!=nil) {

x =nil list x list y

list y



listr (r =nil) V

(Fx'.x — _, 2’ x list ')

NI e

list x

y = nil;

while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

list y
while (x!=nil) {

X =nil

list y



list x

listr (r =nil) V

list
(Fx". x — _, x’ x list ') 4

while (x!'=nil) {
X 7é nil
Unfold [lzst def

. x> ZxlistZ

:= nil;
while (x '= nil) {

z := [x+1];
[x+1] := y;

X =nil

list y



list x

listz < (x =nil)V

(Fx'.x — _, 2’ x list ')

"W ——

list y
while (x!=nil) {
Xr#rnil

list x AZ.x— _, Z *list Z

list z , Z

y = nil;

while (x !'= nil) {
z := [x+1];
[x+1] := y;

X =nil

list y



listr (r =nil) V

(Fx'.x — _, 2’ x list ')

:= nil;

while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

list y

while (x!=nil) {
><#énil
Unfold [lizst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z
[x+1] :=y
X,y

X =nil

list y



listr (r =nil) V

(Fx'.x — _, 2’ x list ')

:= nil;

while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

list y

while (x!=nil) {
X 7é nil
Unfold [lizst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z

[
X ¥y

Fold list def

list x

X =nil

list y



listr (r =nil) V

(Fx'.x — _, 2’ x list ')

:= nil;

while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

list y

while (x!=nil) {
X 7é nil
Unfold [lizst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z

[
X ¥y

Fold list def

list x

X =nil

list y



listr (r =nil) V

(Fx'.x — _, 2’ x list ')

T IR ——e s

list x
y = nil;
while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

while (x!=nil) {
X 7é nil
Unfold [lizst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z
[ =
X+ L,y

Fold list def

list x

list y

list y



listr (r =nil) V

(Fx'.x — _, 2’ x list ')

:= nil;

while (x !'= nil) {
z := [x+1];
[x+1] := y;

list x

list y

while (x!=nil) {
X 7é nil
Unfold [lizst def
dZ.x— ZxlistZ
z:=[x+1]
list z X— ,Z

[
X ¥y

Fold list def

list x

V=X

st y

list x

X =nil

Unfold [lzst def

list y



Dealing with program variables















1P} C{Q;
{Px R} C{Q x R}

providing fu(R) n modified(C) = {}
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Variables as Resource in Separation Logic

Richard Bornat  Cristiano Calcagno  Hongseok Yang

41









Conclusion

e Scalable and readable separation logic proofs

* Possible application to parallelisation, providing
side-conditions on the Frame rule are dealt with
(e.qg. by variables-as-resource)



