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mchunkptr b, p;
idx += “smallbits & 1; /* Uses next bin if idx empty */

(3{U; | i € [0,63)},n. arena(A, ¥ (Lﬂ?io. U;)u) * least_addr = 5w
q * nw = [bytes], * 8idx > (n+1)w % 2 <idx <32 % smallmapjq,) =1,
\ %92 smallbing (U;) = 2. treebing Uy 52)
b = smallbin_at(gm, idx);

(3{U; | i € [0,63)},n. arena(A, & ({52, U;)y) * least_addr = Hw )
«+ nw = [bytes], * 8idx > (n+ 1)w * 2 < idx <32 x smallmapjq,) =1
* b = smallbins + 8idx * bin(|idx|,b,Uisx) * Uiax # {}

[ * Xic(0.32)—iax- smallbing(U;) * X2 . treebing (Uss2) )
// rename U_idx to U_idx++[p+2w->8idx-1w]

(3{U; | i €[0,63)}, p,n. arena(A, & (Lﬂ?io. U)o W {p+2w—,8idx — 1w})

* least_addr = 5w * nw = [bytes|  * 8idx > (n+ 1w * 2 <idx < 32
q * smallmapp4, =1 * b= smallbins + 8idx >
« b p « pr5S b o« (bnode |idx|)*(p, b, Usax W {p + 2w — 8idx — 1w})

L * Ficio. 32)iax- smallbing(U;) * 2 treebing (U 50)

p = b->fd;

(3{U; | i €[0,63)},n, F. arena(A, & ({02, Us)u W {p + 2w, 8idx — 1w})

* least_addr = 5w * nw = [bytes| 6 * 8idx > (n+ 1w * 2 <idx < 32

*

/

*

q * smallmapg4, =1 * b= smallbins + 8idx

size

« DS p ok pr2S b o L(pr2 8idx) x pHB F o« F 25 p x (bnode|idx|)*(F,b, Uiax)

| * *ie[o..%)_idx.smallbmi(Ui) * *?io.treebmi(UHgg)
//assert(chunksize(p) == small_index2size(idx));

unlink_first_small_chunk(gm, b, p, idx);
(3{U; | i €[0,63)},n. arena(As & (Wit Uy & {p + 2w, 8idx — 1w})

{ * least_addr = 5w * nw = [bytes] 6 * 8idx > (n+ 1w * 2 < idx < 32 >

L+ 3(p S8 8idx) % prY  ox p 2y *?io- smallbin; (U;) * *?io- treebin;(Uiy32) |

(MU, |i€[0,63)}, By, Ba,n. coallesced (A, & (Lﬂ?io. Ui)uW{p+ 2w+, 8idx — lw}) )
prevfoot pinuse

* start ———  * start ——— 1 x wublock(top, top + topsize, )

* block™(start,p, B1) * wublock(p,p + 8idx, {p + 2w+, 8idx — 1w})

* block™(p + 8idx, top, By) * By W By = A, W (E-ino. Uiy

* least_addr = 5w * nw = [bytes| 6 * 8idx > (n+ 1w * 2 <idx < 32

size

| * %(pl—>81dx) * pl&

« p sk *?io.smallbini(Ui) * *?io' treebin;(U;+32)




A simple program

{x—2 *x yo3 x z—4}
x]:=3

{x~>3 * yo3 x z—4}
ly]:=4

{x~3 x y—4 x z—4}
z]:=5

{x~3 * y—4 x z5}



A simple program

{x~2 * y»3 x z—4}
{x~2}
[x]:=3
{x~3}

{x~3 * y»3 x z—4}
{y~3}
ly]:=4
{y—~4}

{x~3 % yod x z4}
(24}
[z]:=5
{z~5}

{x~3 * y=4 x z-5}



A simple program

N {x—2 *x yo3 x z—4}
x]:=3

Ax X3 % yo3 x z-4}

y|:=4

v {x~3 x y—4 x z—4}

z]:=5

v {x»3 x ym4 x zo5}
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Box proofs

P —(Q— R)
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P— R —7

(P— Q) — (P — R) —7T




Ribbon proofs

A assumption

| | assumption

| (A—«B)—B | —k-INtro

A—((A—«B)—xB) —-intro



Ribbon proofs
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Ribbon proofs for commands

] L)

C = C
FRAME

K K

* providing R doesn’t mention any
variables that C might modify.



A simple program

{x—2 * y»3 *x z—4}
[x]:=3

{x~3 * yo3 x z—4}
yl:=

{x~>3 * yd x z—4}
z]:=

{x~3 * y—»4 x z-5}

HQ

[X] =

X—3

y—3

[y]:=4

z+— 4

[z] :=5

[0 ]



Example: disp-tree

‘ tree(p)
if (p==null) {

disp_tree(p) {

local 1i,j;

if (p==null) A{ p=0 “
/* skip */ Fold tree def.
} else {
i = [p.1]; } else {
j = [p.xl; | pro H
disp_tree(i); Fold tree def.

disp_tree(j); ‘ di,j.prri,j * tree(i) * tree(y)

dispose(p);
i = [p.1]; j := [p.r];

} p>i, ] tree(1) tree(j)

disp_tree(i);

tree(r) <= x=0AempV disp_tree(j);
i, j. x> 1, j * tree(i) * tree(j)

dispose(p);



if (...) A
.

} else {

o

¥

B

J

D

tree(j)

b_tree(j);

_]l/’Jou(Jl

/O’J g UIDD\(/} = UIDC/\J/

dispose(p);




A
while (...)
B
Iy
|

P

ree(j);




Example: copy-tree

copy_tree(q;p) {
local i,j,i’,j’;
if (p==null) {
q:=null
} else {
i := [p.1];
j = [p.rl;
copy_tree(i’;i);
copy_tree(j’;j);
q:=cons () ;
[q.1] := i’;
[q.r] := j?;

tree(p)
if (p==null) A

p=0

/ /
~
q:=null;
tree(q)

} else {

p#0

Ji,j.prri,j * tree(i) * tree())
i = [p.1]1; j := [p.r]l; q := cons();
p—i, ] tree(1) tree(3j) q— .,
copy_tree(i’;i); copy_tree(j’;j);
[q.1] :=1i’; [q.r] := j’;

tree(i) || tree(i’) || tree(3) || tree(j’)

A
q—1,]

tree(p)

tree(q)




A simple program

{x—2 * ym3 x z—4}
[x]:=3

{x~3 * yo3 x z—4}
ly|:=4

{x~>3 * yd x z—4}
z]:=5

{x~3 * y—»4 x z-5}

[ x2 |

IX] := 3

X3

y—3

ly] ;=4

y=4

z—4

[z] =5

| 205 |




A simple program

{x—2 * ym3 x z—4}
[x]:=3

{x~3 * yo3 x z—4}
ly|:=4

{x~>3 * yd x z—4}
z]:=5

{x~3 * y—»4 x z-5}

x—2 || y~3 z—4
IX] :==3 ly|] ;.= 4 z] =5
X3 y—4 z—5




Ribbon proofs for commands
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7p IF tree(p)

local i,j,i’,j’ {

7P 5p IF tree(p)
if p==null {
Tk p=0
2P
7p Ik tree(p)
} else {
2plFp#0

Defn of tree

mp Ik Ji,j.p—i,7 * tree(i) = tree(j)

i:=[p.11; j:=[p.r]l;

T, 3i,3) Fp—1,j

21 I tree(1)

copy_tree(i’;i);

copy_tree(j’;j);

21 IF tree(i)

i’ Ik tree(i’)

%j Ik tree(j)

i’ Ik tree(j’)

Defn of tree

7p Ik tree(p)

7p Ik tree(p)

24" |- tree(i’)

23" |- tree(3")

q
q:=0
q Ik tree(q)
q := cons();
qlFqm _,

[q.1]:=1i’; [q.rl:=j’;

31’33 IF a5

Defn of tree

i/

q Ik tree(q)

q Ik tree(q)
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Proof of unlink first_small_chunk

smallbin|s/s) (U W {P 4 2w +— S — 1w})

Defn of smallbin
_ dx

)

S=8 x 0<1<32
¥ x = smallbin + 2w

bin(li|,z,U W {P + 2w+—S — 1lw})

smallmap; = 1

Distribute z -9 Yy x Yy 25 2 into disjunction.

(BHS P « PES B s« y=P x Uy ={} » B=x)V
((bnode |i])*(y, B, Uy 6 {B + 2wr> _})
* BHSY P « PSS B s oy v 4 B )

Distribute B H% P % P 2% B out of disjunction. Forget

y = P from first disjunct.

(U1:{} * B:a:)\/
((bnode |i|)*(y, B,Uy &— {B 4+ 2w+ _})
xSy w oy 2 )

Defn of bin
Ty
ey |y e (bnode |i|)* (y, 2, U & {P + 2w S — 1w})
Split bnode list into three.
U1, Us
TU: Uy 6 Uy (bnode |i)*(y, P, Uy) JFPHL R
x F 2 p
Unroll RTC one step. " % (P size' s)
(y:P * Ul :{})\/(HB * (bn0d6|z|) (F7I7U2)
(bnode |i))*(y, B,Uy W— {B + 2w~ _})
x* BHp ok pilky B) mchunkptr F = P->fd;
Extend scope of 3B. Choose B = z in F ok p (bnode |i)*(F, =, Us) | | P fd, g L(p size 3)
first disjunct. Y 2
B
RZJP x Uy ={}xB=1x)V
((bnode |i|)*(y, B,Uy &— {B + 2w~ _})
x* BAS P « P25 B

mchunkptr B = P->bk;

(Ur={} * B=x)V
((bnode |i|)*(y,B, Uy &= {B+ 2w— _})
O EC YRR RE-LO)

Uy ={} * B=2x)VIy.
((bnode |i|)*(y,B, Uy &— {B+ 2w— _})
oz iy x2S g




y = P from first disjunct. / (( \ | |

(Uy={} *x B=z)V B p ||l B

xSy x2S )

mchunkptr B = P->bk;

(Uy={} *x B=x)V B -9 p bk
W ((bnode |i|)*(y,B, Uy W— {B+2wr— _})

* x&y * y»—>bk x)

(Uy={} * B=x)VIy.
((bnode |i|)*(y,B, Uy &— {B+ 2w— _})
oz Sy woy 2 g

bindex_t I = small_index(S);

S=8I «x 0<I<32 Uy ={}  B=

x) V Jy.
,UlL‘H—{B—i-QWI—)_})
xSy x2S )

(bnode |I|)*(F,z, Us) smallmapy = 1
* & = smallbin 4 2Iw ((bnode |I|)*(y,B

if (F==B) {

B=F

Ribbons 1 and 4 contradict second disjunct of ribbon 2; hence B=F = z and U; = {}. Since F = z,
ribbon 5 implies Uy = {}. (See Lemma 1, above.)

z 9, x 2 Uy={} » Uy={}
U={}
clear_smallmap(M,I);
U={} smallmap
Defn of bin. =AY
bin(|1|,z,U)
} else {
B£F (U1 ={} * B=x)VIy. B HY% p F 2k p (bnode |I|)*(F,z,Us) | |U = Uy WUy smallmapy; = 1
((bnode |I|)*(y,B, Uy &W— {B+ 2w+ _})

* xr&y * yMbk x)

From ribbons 1, 2 and 3, deduce U; and U; can’t both be empty. Extend scope of Jy in ribbon 2, choosing y = F in first disjunct.

Jy.(y=F « Uy ={} * B=x)V

(bnode |I)*(F,z,Us) | |U = Uy WUy smallmap
bnode |I|)*(y,B,U; W— {B + 2w > = (U
((bmode [1])* (3., Uy b { I Bt U # ()
X TR Y K Yo T)

_ M bk s |




z z 2 Up={} «x Ua={}
U={}
clear_smallmap(M,I);
U={} smallmapy
=U#{}
Defn of bin.
bin(|I],z,U)
} else {
B#F Uy ={} * B=x)VIy. B -9 P F 2 p (bnode |I))*(F,z,U2) | |U = Uy W Us smallmapy; = 1
((bnode |I|)*(y,B, Uy &w— {B+ 2w+ _})
From ribbons 1, 2 and 3, deduce U; and U; can’t both be empty. Extend scope of Jy in ribbon 2, choosing y = F in first disjunct.
Jy.(y=F « Uy ={} * B=x)V (bnode |I))*(F,z,U2) | |U = Uy W Us smallmapy
bnode |I|)*(y,B,U; W— {B + 2w > = (U
((bnode 1])* (4.8, Uy - { W o v # 1)
B+, F F 2 B
Distribute B -% F % F 2% B into disjunction.
__dy
— _ _ fd bk
(y=F « Uy ={} * B=x * B—»F x F—>B)V
((bnode |I|)*(y,B, Uy &— {B+ 2w _})
 zr %y x yr2 2« BHGF o« F2SB)
Distribute z -9 Yy x Yy 2% 2 out of disjunction.
z -y y 5 o (y=F x Uy ={})V
((bnode |1])* (5, B, Uy - {B + 2w _})
* BHSG F o« F 25 B)
Roll RTC.
(bnode |1])*(y,F,Us)
Merge two bnode lists.
(bnode |1])*(y, z,U)
Defn of bin.
bin(|1,2,U)
}
Defn of smallbin.
smallbin|s/g) (U)
LN DA 1)

smallbin|s/g) (U)
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Example: 1ist-rev

{list & x}

y := 0;

while {3o,B. list oo x * list By * & = -B-a} (x#0) do {
{3, aBZ x—i,ZxlistaaZ xlistByx*x0d=-Bia}
z ;= [x+1];
{Fi,aB. x—izxlistaaz*xlistByx*x0d=-ia}
x+1] :==y;
{3i,a,B. x> i,y xlistowz*listByx*d=-Bio}
{3a,B. list v z x list B x & =-B-a}
y =X X = Z;
{3a,B. list e x x list By x & = -B-a}

}

{list -8 y}



listd x

y:=0
listey ‘
‘ Ja, 8. listax * listBy * 0 = —0 -« ‘
o
g
‘ listax H list By H 0=—-0 -« ‘

while x!'=null {

20 |

| —

‘Hi,o/,z.xr%i,z * lista z * a:i'oz"
=

Jo, .0/ z.x—14,2 % lista’z x a=i-0d * d=—-0 -« ‘
' Ja
" | |
‘ dz. x>,z * listaz ‘ d=—-0(i )
z:=[x+1]
listaz XH>1,2Z ‘
[~~4+17] « =7




x # 0

‘Eli,o/,z.x%i,z * lista z * a:i-o/‘
‘Eloz,z',o/,z.xr%i,z x lista'z x a=i-ad * d=—-0 -« ‘
! do
) |
‘ Jz.x— 1,2z * listaz ‘ d=—-0-(1 )
z:=[x+1]
lista z ‘ X1,z ‘
[x+1] :=y
‘ X1,y ‘ d=—(i-0)- «
‘ list (i - B) x ‘
3 !
LL list B x 0=—0"«
W ‘j —
o 0 = | 11




20 \|

‘Eli,o/,z.x%i,z * lista z * a:i-o/‘
‘Eloz,z',o/,z.xr%i,z x lista'z x a=i-ad * d=—-0 -« ‘
! da
) |
‘ Jz.x— 1,2z * listaz ‘ d=—-0-(1 )
z:=[x+1]
lista z ‘ X1,z ‘
[x+1] :=y
‘ X1,y ‘ d=—(i-0)- «
‘ list (i - B) x ‘
38 !
LL list B x 0=—0"«
W ‘ﬁ —
o 0 = | 11
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Example: one-place buffer

while (true) { while (true) {
with buff when full { x := new();
full := false; with buff when -full {
y = C; “ full := true;
} C := X;
dispose(y); +

} +



while (true) {

Example: one-place buffer

while (true) { (full Ac— )V (—full Aemp)

(full Ac— )V (—full A emp)

with buff when full {
full
full Acrs
CH full Aemp
full := false
—full Aemp
y:i=c
y—= _
(full Ac— )V (—full A emp)
+
dispose(y)
}

x:=new()

X

with buff when !'full {

—full

P

—full Aemp
full := true
full Aemp
C:=X
CH—
(full Ac— )V (—full A emp)
N—
—
+




In conclusion

A graphical

proof system for

Only write 2D, dynamic

separation logic quantifier scope

down the parts
that change ...

“Local proofs”

Handles concurrent

separation logic
(RGSep? Deny-Guarantee?)

Use variables- Don't use

variables-as-

resource ‘

Proofs are

dS-resource

Be careful
when sliding

columns

Nice graph

semantics

Parallelisation simpler

Flow of
control/data



Thanks for listening
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