
Ribbon Proofs for 
Separation Logic
John Wickerson 
University of Cambridge

Dublin Concurrency Workshop, 15 April 2011



2

1. The problem

2. Towards a solution

3. A big proof

4. Fun with quantifiers

5. What about concurrency?

Talk outline



3

13






∃{Ui | i ∈ [0, 63)}, n. arena(Aa � (
�64

i=0. Ui)u) ∗ least_addr = 5w

∗ nw = �bytes�w ∗ 8idx ≥ (n+ 1)w

∗ 2 ≤ idx < 32 ∗ smallbits = �smallmap/2idx�
∗ ∗32

i=0. smallbini(Ui) ∗ ∗32
i=0. treebini(Ui+32)

∗ smallbits[1,0] �= 00






‘Remainderless’ fit to a smallbin

mchunkptr b, p;
idx += ~smallbits & 1; /* Uses next bin if idx empty */




∃{Ui | i ∈ [0, 63)}, n. arena(Aa � (
�64

i=0. Ui)u) ∗ least_addr = 5w

∗ nw = �bytes�w ∗ 8idx ≥ (n+ 1)w ∗ 2 ≤ idx < 32 ∗ smallmap[idx] = 1

∗ ∗32
i=0. smallbini(Ui) ∗ ∗32

i=0. treebini(Ui+32)






b = smallbin_at(gm, idx);




∃{Ui | i ∈ [0, 63)}, n. arena(Aa � (
�64

i=0. Ui)u) ∗ least_addr = 5w

∗ nw = �bytes�w ∗ 8idx ≥ (n+ 1)w ∗ 2 ≤ idx < 32 ∗ smallmap[idx] = 1

∗ b = smallbins+ 8idx ∗ bin(|idx|, b, Uidx) ∗ Uidx �= {}
∗ ∗i∈[0..32)−idx. smallbini(Ui) ∗ ∗32

i=0. treebini(Ui+32)






// rename U_idx to U_idx++[p+2w->8idx-1w]




∃{Ui | i ∈ [0, 63)}, p, n. arena(Aa � (
�64

i=0. Ui)u � {p+ 2w �→u 8idx− 1w})
∗ least_addr = 5w ∗ nw = �bytes�w ∗ 8idx ≥ (n+ 1)w ∗ 2 ≤ idx < 32

∗ smallmap[idx] = 1 ∗ b = smallbins+ 8idx

∗ b fd�−−→ p ∗ p bk�−−→ b ∗ (bnode |idx|)∗(p, b, Uidx � {p+ 2w �→ 8idx− 1w})
∗ ∗i∈[0..32)−idx. smallbini(Ui) ∗ ∗32

i=0. treebini(Ui+32)






p = b->fd;




∃{Ui | i ∈ [0, 63)}, n, F. arena(Aa � (
�64

i=0. Ui)u � {p+ 2w �→u 8idx− 1w})
∗ least_addr = 5w ∗ nw = �bytes�w ∗ 8idx ≥ (n+ 1)w ∗ 2 ≤ idx < 32

∗ smallmap[idx] = 1 ∗ b = smallbins+ 8idx

∗ b fd�−−→ p ∗ p bk�−−→ b ∗ 1
2 (p

size�−−−→ 8idx) ∗ p fd�−−→ F ∗ F bk�−−→ p ∗ (bnode |idx|)∗(F, b, Uidx)

∗ ∗i∈[0..32)−idx. smallbini(Ui) ∗ ∗32
i=0. treebini(Ui+32)






//assert(chunksize(p) == small_index2size(idx));
unlink_first_small_chunk(gm, b, p, idx);




∃{Ui | i ∈ [0, 63)}, n. arena(Aa � (
�64

i=0. Ui)u � {p+ 2w �→u 8idx− 1w})
∗ least_addr = 5w ∗ nw = �bytes�w ∗ 8idx ≥ (n+ 1)w ∗ 2 ≤ idx < 32

∗ 1
2 (p

size�−−−→ 8idx) ∗ p fd�−−→ _ ∗ p bk�−−→ _ ∗ ∗32
i=0. smallbini(Ui) ∗ ∗32

i=0. treebini(Ui+32)










∃{Ui | i ∈ [0, 63)}, B1, B2, n. coallesced(Aa � (
�64

i=0. Ui)u � {p+ 2w �→u 8idx− 1w})
∗ start

prevfoot�−−−−−−→ _ ∗ start
pinuse�−−−−−→ 1 ∗ ublock (top, top+ topsize,_)

∗ block∗(start, p, B1) ∗ ublock (p, p+ 8idx, {p+ 2w �→u 8idx− 1w})
∗ block∗(p+ 8idx, top, B2) ∗ B1 �B2 = Aa � (

�64
i=0. Ui)u

∗ least_addr = 5w ∗ nw = �bytes�w ∗ 8idx ≥ (n+ 1)w ∗ 2 ≤ idx < 32

∗ 1
2 (p

size�−−−→ 8idx) ∗ p fd�−−→ _ ∗ p bk�−−→ _ ∗ ∗32
i=0. smallbini(Ui) ∗ ∗32

i=0. treebini(Ui+32)








A simple program

{x↦2 ∗ y↦3 ∗ z↦4}
[x]:=3

{x↦3 ∗ y↦3 ∗ z↦4}
[y]:=4

{x↦3 ∗ y↦4 ∗ z↦4}
[z]:=5

{x↦3 ∗ y↦4 ∗ z↦5}

4
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Box proofs
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if you finally decide on making substitution act on the right. This is already an improvement on
the literal text, because it automatically enlarges the brackets according to the text inside. \Subst
itself is (following my book) defined in terms of the action of a context morphism (\CtxtMor) on
a term. Again you can do

\renewcommand{\CtxtMor}{\plaincontextmorphism}

for something simpler. This macro interprets its argument as a comma-separated list of items in
the form x := b, which it switches to b/x. The simple versions.

4 Some very easy logic exercises

The following examples are taken from Krysia Broda’s Solutions to Problems 5 (KB-Logic-B1-90)
and took me a little under an hour to type in.

page 1: (a)

� P ∧Q

� P ∧E

� P

� Q

� P (1)

� Q→ P →I

page 2: (c)

� P

� Q

� P ∧Q ∧I(1, 2)

� Q→ (P ∧Q) →I

(g)

� P → (Q→ R)

� P → Q

� P

� Q →E(2, 3)

� Q→ R →E(1, 3)

� R →E(5, 4)

� P → R →I

� (P → Q)→ (P → R) →I

page 3: (h)

4
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Ribbon proofs
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4.1. Introduction 41

1. B−∗(A∧C)∗D∗B assumption

2. B−∗(A∧C)∗D B ∗-elim

3. B−∗(A∧C) D B ∗-elim

4. B−∗(A∧C) B D twist

5. A∧C D −∗-elim

6. A D ∧-elim

7. D A twist

8. D∗A ∗-intro

9. (B−∗(A∧C)∗D∗B)→(D∗A) →-intro

Figure 4.5: The ‘twist’ pseudo-rule

1. A assumption

2. A−∗B assumption

3. B −∗-elim

4. (A−∗B)−∗B −∗-intro

5. A→((A−∗B)−∗B) →-intro

Figure 4.6: → and −∗ used together
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Ribbon proofs for commands
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A ribbon proof

John Wickerson

April 11, 2011

P R

C

Q

1

FRAME

A ribbon proof

John Wickerson

April 11, 2011

P R

C

Q

1

⟹

* providing R doesn’t mention any 
   variables that C might modify.



A simple program
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{x↦2 ∗ y↦3 ∗ z↦4}
[x]:=3

{x↦3 ∗ y↦3 ∗ z↦4}
[y]:=4

{x↦3 ∗ y↦4 ∗ z↦4}
[z]:=5

{x↦3 ∗ y↦4 ∗ z↦5}

A ribbon proof

John Wickerson

April 11, 2011

x �→ 2 y �→ 3 z �→ 4

[x]:=3

x �→ 3

[y]:=4

y �→ 4

[z]:=5

z �→ 5

1



tree(x) ⇐⇒ x = 0 ∧ emp ∨
∃i, j. x �→ i, j ∗ tree(i) ∗ tree(j)

Example: disp-tree

13

A ribbon proof

John Wickerson

April 11, 2011

if (p==null) {

} else {

tree(p)

p = 0

Fold tree def.

p �= 0

Fold tree def.

∃i, j. p �→ i, j ∗ tree(i) ∗ tree(j)

i := [p.l]; j := [p.r];

p �→ i, j tree(i) tree(j)

disp_tree(i);

disp_tree(j);

dispose(p);

1

disp_tree(p) {
  local i,j;
  if (p==null) {
    /* skip */
  } else {
    i := [p.l]; 
    j := [p.r];
    disp_tree(i);
    disp_tree(j);
    dispose(p);
  }
}
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1
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    dispose(p);
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B C

A

D

A ribbon proof

John Wickerson

April 11, 2011

if (...) {

} else {

}

A

B

C

D

1
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A ribbon proof

John Wickerson

April 11, 2011

if (p==null) {

} else {

tree(p)

p = 0

Fold tree def.

p �= 0

Fold tree def.

∃i, j. p �→ i, j ∗ tree(i) ∗ tree(j)

i := [p.l]; j := [p.r];

p �→ i, j tree(i) tree(j)

disp_tree(i);

disp_tree(j);

dispose(p);

1

disp_tree(p) {
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    /* skip */
  } else {
    i := [p.l]; 
    j := [p.r];
    disp_tree(i);
    disp_tree(j);
    dispose(p);
  }
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B C

A

D

A ribbon proof

John Wickerson

April 11, 2011

if (...) {

} else {

}

A

B

C

D

1

A ribbon proof

John Wickerson

April 12, 2011

while (...) {

}

A

B

C

1

A

C

B



Example: copy-tree
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A ribbon proof

John Wickerson

April 11, 2011

if (p==null) {

} else {

}

tree(p)

p = 0

q:=null;

tree(q)

p �= 0

∃i, j. p �→ i, j ∗ tree(i) ∗ tree(j)

i := [p.l]; j := [p.r]; q := cons();

p �→ i, j tree(i) tree(j) q �→_,_

copy_tree(i’;i); copy_tree(j’;j);

[q.l] := i’; [q.r] := j’;tree(i) tree(i�) tree(j) tree(j�)

q �→ i�, j�

tree(p) tree(q)

1

copy_tree(q;p) {
  local i,j,i’,j’;
  if (p==null) {
    q:=null
  } else {
    i := [p.l]; 
    j := [p.r];
    copy_tree(i’;i);
    copy_tree(j’;j);
    q:=cons();
    [q.l] := i’;
    [q.r] := j’;
  }
}



A simple program
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{x↦2 ∗ y↦3 ∗ z↦4}
[x]:=3

{x↦3 ∗ y↦3 ∗ z↦4}
[y]:=4

{x↦3 ∗ y↦4 ∗ z↦4}
[z]:=5

{x↦3 ∗ y↦4 ∗ z↦5}

x↦2 y↦3 z↦4

x↦3

y↦4

z↦5

[x] := 3

[y] := 4

[z] := 5



A simple program

18

{x↦2 ∗ y↦3 ∗ z↦4}
[x]:=3

{x↦3 ∗ y↦3 ∗ z↦4}
[y]:=4

{x↦3 ∗ y↦4 ∗ z↦4}
[z]:=5

{x↦3 ∗ y↦4 ∗ z↦5}

x↦2 y↦3 z↦4

x↦3 y↦4 z↦5
[x] := 3 [y] := 4 [z] := 5



Ribbon proofs for commands
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FRAME

A ribbon proof

John Wickerson

April 11, 2011

P R

C

Q

1

A ribbon proof

John Wickerson

April 11, 2011

P R

C

Q

1

⟹

* providing R doesn’t mention any 
   variables that C might modify.
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A ribbon proof

John Wickerson

April 11, 2011

local i,j,i’,j’ {

if p==null {

} else {

}

πp � tree(p) q

i j i� j�

π
2 p

π
2 p � tree(p)

π
2 p � p = 0

q:=0π
2 p

πp � tree(p) q � tree(q)

π
2 p � p �= 0

Defn of tree

πp � ∃i, j. p �→ i, j ∗ tree(i) ∗ tree(j)

i:=[p.l]; j:=[p.r]; q := cons();

πp, 1
2i,

1
2j � p �→ i, j 1

2i � tree(i) 1
2j � tree(j) q � q �→_,_

copy_tree(i’;i); copy_tree(j’;j);

1
2i � tree(i) i� � tree(i�) 1

2j � tree(j) j� � tree(j�)

Defn of tree 1
2i

� � tree(i�) 1
2i

� 1
2j

� � tree(j�) 1
2j

�

πp � tree(p) i j

[q.l]:=i’; [q.r]:=j’;

q, 1
2i

�, 1
2j

� � q �→ i�, j�

Defn of tree

i� j� q � tree(q)

πp � tree(p) q � tree(q)

1
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A ribbon proof

John Wickerson

April 6, 2011

Proof of unlink_first_small_chunk

if (F==B) {

} else {

}

smallbin�S/8�(U � {P+ 2w �→ S− 1w})

Defn of smallbin
∃x

∃i

S = 8i ∗ 0 ≤ i < 32
∗ x = smallbin+ 2iw

bin(|i|, x, U � {P+ 2w �→ S− 1w}) smallmap[i] = 1

Defn of bin
∃y

x fd�−−→ y y bk�−−→ x (bnode |i|)∗(y, x, U � {P+ 2w �→ S− 1w})

Split bnode list into three.
∃U1, U2

U = U1 � U2 (bnode |i|)∗(y, P, U1) ∃F. P fd�−−→ F

∗ F bk�−−→ P

∗ 1
2 (P

size�−−−→ S)
∗ (bnode |i|)∗(F, x, U2)

Unroll RTC one step.

(y = P ∗ U1 = {}) ∨ (∃B.
(bnode |i|)∗(y,B, U1 �− {B + 2w �→_})
∗ B fd�−−→ P ∗ P bk�−−→ B) mchunkptr F = P->fd;

Extend scope of ∃B. Choose B = x in
first disjunct.

P fd�−−→ FF bk�−−→ P 1
2 (P

size�−−−→ S)(bnode |i|)∗(F, x, U2)

∃B

(y = P ∗ U1 = {} ∗B = x) ∨
((bnode |i|)∗(y,B, U1 �− {B + 2w �→_})
∗ B fd�−−→ P ∗ P bk�−−→ B)

Distribute x fd�−−→ y ∗ y bk�−−→ x into disjunction.

(B fd�−−→ P ∗ P bk�−−→ B ∗ y = P ∗ U1 = {} ∗ B = x) ∨
((bnode |i|)∗(y,B, U1 �− {B + 2w �→_})
∗ B fd�−−→ P ∗ P bk�−−→ B ∗ x fd�−−→ y ∗ y bk�−−→ x)

Distribute B fd�−−→ P ∗ P bk�−−→ B out of disjunction. Forget
y = P from first disjunct.

(U1 = {} ∗ B = x) ∨
((bnode |i|)∗(y,B, U1 �− {B + 2w �→_})
∗ x fd�−−→ y ∗ y bk�−−→ x)

B fd�−−→ P P bk�−−→ B

mchunkptr B = P->bk;

(U1 = {} ∗ B = x) ∨
((bnode |i|)∗(y, B, U1 �− {B+ 2w �→_})
∗ x fd�−−→ y ∗ y bk�−−→ x)

B fd�−−→ P P bk�−−→ B

(U1 = {} ∗ B = x) ∨ ∃y.
((bnode |i|)∗(y, B, U1 �− {B+ 2w �→_})
∗ x fd�−−→ y ∗ y bk�−−→ x)

bindex_t I = small_index(S);

S = 8I ∗ 0 ≤ I < 32
∗ x = smallbin+ 2Iw

(U1 = {} ∗ B = x) ∨ ∃y.
((bnode |I|)∗(y, B, U1 �− {B+ 2w �→_})
∗ x fd�−−→ y ∗ y bk�−−→ x)

(bnode |I|)∗(F, x, U2) smallmap[I] = 1 P bk�−−→ _ P fd�−−→ _

B = F

Ribbons 1 and 4 contradict second disjunct of ribbon 2; hence B = F = x and U1 = {}. Since F = x,
ribbon 5 implies U2 = {}. (See Lemma 1, above.)

x fd�−−→ _ x bk�−−→ _ U1 = {} ∗ U2 = {}

U = {}

clear_smallmap(M,I);

U = {} smallmap[I]
= (U �= {})

Defn of bin.

bin(|I|, x, U)

B �= F (U1 = {} ∗ B = x) ∨ ∃y.
((bnode |I|)∗(y, B, U1 �− {B+ 2w �→_})
∗ x fd�−−→ y ∗ y bk�−−→ x)

B fd�−−→ P F bk�−−→ P (bnode |I|)∗(F, x, U2) U = U1 � U2 smallmap[I] = 1

From ribbons 1, 2 and 3, deduce U1 and U2 can’t both be empty. Extend scope of ∃y in ribbon 2, choosing y = F in first disjunct.

∃y. (y = F ∗ U1 = {} ∗ B = x) ∨
((bnode |I|)∗(y, B, U1 �− {B+ 2w �→_})
∗ x fd�−−→ y ∗ y bk�−−→ x)

(bnode |I|)∗(F, x, U2) U = U1 � U2 smallmap[I]
= (U �= {})

B->fd = F F->bk = B

B fd�−−→ F F bk�−−→ B

Distribute B fd�−−→ F ∗ F bk�−−→ B into disjunction.
∃y

(y = F ∗ U1 = {} ∗ B = x ∗ B fd�−−→ F ∗ F bk�−−→ B) ∨
((bnode |I|)∗(y, B, U1 �− {B+ 2w �→_})
∗ x fd�−−→ y ∗ y bk�−−→ x ∗ B fd�−−→ F ∗ F bk�−−→ B)

Distribute x fd�−−→ y ∗ y bk�−−→ x out of disjunction.

x fd�−−→ y y bk�−−→ x (y = F ∗ U1 = {}) ∨
((bnode |I|)∗(y, B, U1 �− {B+ 2w �→_})
∗ B fd�−−→ F ∗ F bk�−−→ B)

Roll RTC.

(bnode |I|)∗(y, F, U1)

Merge two bnode lists.

(bnode |I|)∗(y, x, U)

Defn of bin.
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2 (P

size�−−−→ S)
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Proof of unlink_first_small_chunk
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2 (P
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2 (P
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{list δ x}
y := 0;
while {∃α,β. list α x ∗ list β y ∗ δ ≐ -β·α} (x≠0) do {  
    {∃i,α,β,Z. x ↦ i,Z ∗ list α Z ∗ list β y ∗ δ ≐ -β·i·α}
    z := [x+1];
    {∃i,α,β. x ↦ i,z ∗ list α z ∗ list β y ∗ δ ≐ -β·i·α} 
    [x+1] := y;
    {∃i,α,β. x ↦ i,y ∗ list α z ∗ list β y ∗ δ ≐ -β·i·α}
    {∃α,β. list α z ∗ list β x ∗ δ ≐ -β·α}
    y := x; x := z;
    {∃α,β. list α x ∗ list β y ∗ δ ≐ -β·α}
}
{list -δ y}

Example: list-rev
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while x!=null {

}

list δ x

y:=0

list � y

∃α, β. listα x ∗ listβ y ∗ δ = −β · α

∃α
∃β

listα x listβ y δ = −β · α

x �= 0

∃i, α�, z. x �→ i, z ∗ listα� z ∗ α = i · α�

∃α, i, α�, z. x �→ i, z ∗ listα� z ∗ α = i · α� ∗ δ = −β · α

∃α
∃i

∃z. x �→ i, z ∗ listα z δ = −β · (i · α)

z:=[x+1]

listα z x �→ i, z

[x+1]:=y

x �→ i, y δ = −(i · β) · α

list (i · β) x

∃β

listβ x δ = −β · α

y:=x

x:=z listβ y

listα x

x = 0

α = �

δ = −β

list (−δ) y

1
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Example: one-place buffer
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while (true) {
  with buff when full {
    full := false;
    y := c;
  }
  dispose(y);
} 

while (true) {
  x := new();
  with buff when ¬full {
    full := true;
    c := x;
  }
} 



while (true) {
  with buff when full {
    full := false;
    y := c;
  }
  dispose(y);
} 

while (true) {
  x := new();
  with buff when ¬full {
    full := true;
    c := x;
  }
} 
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while (true) {

with buff when full {

}

}

(full ∧ c �→_) ∨ (¬full ∧ emp)

full

full ∧ c �→_

c �→_ full ∧ emp

full := false

¬full ∧ emp

y:=c

y �→_

(full ∧ c �→_) ∨ (¬full ∧ emp)

dispose(y)

while (true) {

with buff when !full {

}

}

(full ∧ c �→_) ∨ (¬full ∧ emp)

x:=new()

x �→_

¬full

¬full ∧ emp

full := true

full ∧ emp

c:=x

c �→_

(full ∧ c �→_) ∨ (¬full ∧ emp)

1

(full ∧ c �→_) ∨ (¬full ∧ emp)
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1

(full ∧ c �→_) ∨ (¬full ∧ emp)

Example: one-place buffer



In conclusion
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A graphical 
proof system for 
separation logic

Only write 
down the parts 
that change ... 
“Local proofs”

2D, dynamic 
quantifier scope

Handles concurrent 
separation logic 
(RGSep? Deny-Guarantee?)

Use variables-
as-resource

Don’t use 
variables-as-
resource

Proofs are 
simpler

Nice graph 
semantics

Flow of 
control/data

Parallelisation

Be careful 
when sliding 
columns



Thanks for listening
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