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Comparison

CONCURRENT
SEPARATION

LOGIC
RELY-

GUARANTEE

uses relations 
(state × state → bool)

global reasoninglocal reasoning

uses invariants 
(state → bool)

J ⊦ {P} C {Q} R,G ⊦ {P} C {Q}
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State
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SHARED

Thread 1

State = { (s,h,H) ∈ Store × Heap × Heap | h ⟂ H }



Assertions
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s,h ⊧ P
s,h,H ⊧ P

s,H ⊧ P    h=∅

s,h,H ⊧ [P]

s,h1,H ⊧ p1   s,h2,H ⊧ p2   h=h1⊎h2

s,h,H ⊧ p1∗p2

p ::= P｜[P]｜p∗p｜p∨p｜∃x.p

P ::= e↦e｜emp｜P∗P｜P∨P｜∃x.P
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Assertions
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s,h ⊧ P
s,h,H ⊧ P

s,H ⊧ P    h=∅

s,h,H ⊧ [P]

s,h1,H ⊧ p1   s,h2,H ⊧ p2   h=h1⊎h2

s,h,H ⊧ p1∗p2

[x↦2] ∗ [y↦3]  =  ?

[x↦2] ∗ y↦3  =  ?
[P] ∗ [Q]  ⇔  [P ∧ Q]
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s,H1 ⊧ P     s,H2 ⊧ Q 
((s,H1),(s,H2)) ⊧ P ⇝ Q



Actions
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s,H1 ⊧ P     s,H2 ⊧ Q 
((s,H⊎H1),(s,H⊎H2)) ⊧ P ⇝ Q

P Q⇝



Proof rules
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R,G ⊦ {p} C {q}     
r stable under R∪G

mods(C) ∩ fv(r) = ∅
R,G ⊦ {p ∗ r} C {q ∗ r}

FRAME

⊦ {P} c {Q}     
R,G ⊦ {P} c {Q}

BASIC

∀s,h,H,H’. 
s,h,H ⊧ p 

∧ ((s,H),(s,H’)) ⊧ R 
⇒s,h,H’ ⊧ p

R’,G’ ⊦ {p’} C {q’} 
p⇒p’       q’⇒q 
R⊆R’       G’⊆G   
R,G ⊦ {p} C {q}

RULE OF CONSEQUENCE



Proof rules
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R,G ⊦ {p} C1 {q}   
R,G ⊦ {q} C2 {r}

R,G ⊦ {p} C1;C2 {r}

SEQUENTIAL COMPOSITION

R ∪ G2,G1 ⊦ {p1} C1 {q1}     
R ∪ G1,G2 ⊦ {p2} C2 {q2}

R, G1 ∪ G2 ⊦ {p1 ∗ p2} C1 ‖ C2 {q1 ∗ q2}

PARALLEL COMPOSITION



Proof rules
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⟂,G ⊦ {p} atomic(C) {q} 
p and q stable under R

R,G ⊦ {p} atomic(C) {q}

ATOMIC (1)

⊦ {P∗P’} C {Q∗Q’}     
P⇝Q ⊆ G         P and Q are precise

⟂,G ⊦ {[P∗F] ∗ P’} atomic(C) {[Q∗F] ∗ Q’}

ATOMIC (2)



Proof rules
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P Q⇝

⊦ {P∗P’} C {Q∗Q’}     
P⇝Q ⊆ G         P and Q are precise

⟂,G ⊦ {[P∗F] ∗ P’} atomic(C) {[Q∗F] ∗ Q’}

ATOMIC (2)

F F

P’
Q’

⇝
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Lock-coupling list
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-∞

5

9

∞ null

lock(p)  ≝  atomicp.lock = 0 ( p.lock := tid )

unlock(p)  ≝  atomic ( p.lock := 0 )



Lock-coupling list
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lock(p)  ≝  atomicp.lock = 0 ( p.lock := tid )

unlock(p)  ≝  atomic ( p.lock := 0 )

v y
x

v y
x

⇝LOCKt : 

v y
x

v y
x

⇝UNLOCKt : 

t

t
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remove(e)  ≝  
  local p,c,n,v; p := Head; lock(p); ⟨c := p.next⟩; ⟨v := c.value⟩;
  while (v < e) (
    lock(c); unlock(p); p := c; ⟨c := p.next⟩; ⟨v := c.value⟩; 
  )
  if (v = e) (
    lock(c); ⟨n := c.next⟩; ⟨p.next := n⟩; unlock(p); dispose(c);
  ) else unlock(p)
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Lock-coupling list
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u
x

⇝REMOVEt : v y u y
x

∧  v<∞

t t t

remove(e)  ≝  
  local p,c,n,v; p := Head; lock(p); ⟨c := p.next⟩; ⟨v := c.value⟩;
  while (v < e) (
    lock(c); unlock(p); p := c; ⟨c := p.next⟩; ⟨v := c.value⟩; 
  )
  if (v = e) (
    lock(c); ⟨n := c.next⟩; ⟨p.next := n⟩; unlock(p); dispose(c);
  ) else unlock(p)
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insert(e)  ≝  
  local p,c,n,v; p := Head; lock(p); ⟨c := p.next⟩; ⟨v := c.value⟩;
  while (v < e) (
    lock(c); unlock(p); p := c; ⟨c := p.next⟩; ⟨v := c.value⟩; 
  )
  if (v ≠ e) (
    n := cons(0, e, c); ⟨p.next := n⟩;
  )
  unlock(p)
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u

x
⇝

INSERTt : 

v

u
x

s w y

s w y

∧  u<v<wt

t

insert(e)  ≝  
  local p,c,n,v; p := Head; lock(p); ⟨c := p.next⟩; ⟨v := c.value⟩;
  while (v < e) (
    lock(c); unlock(p); p := c; ⟨c := p.next⟩; ⟨v := c.value⟩; 
  )
  if (v ≠ e) (
    n := cons(0, e, c); ⟨p.next := n⟩;
  )
  unlock(p)
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u

x
⇝

INSERTt : 

v

u
x

s w y

s w y

∧  u<v<wt

t

u
x

⇝REMOVEt : v y u y
x

∧  v<∞

t t t

v y
x

v y
x

⇝LOCKt : 

v y
x

v y
x

⇝UNLOCKt : 

t

t



Lock-coupling list
For a thread with thread-id t, set:

R  =  ⋃t’≠t ⋃{ LOCKt’, UNLOCKt’, REMOVEt’, INSERTt’ }

G  =  ⋃{ LOCKt, UNLOCKt, REMOVEt, INSERTt }
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Lock-coupling list
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locate(e) {
local p, c, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

p := Head;
{

∃ZB. ls(Head, ε, p) ∗ N(p,−∞, Z)
∗ ls(Z,B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

lock(p);
{

∃Z.
∃B. ls(Head, ε, p) ∗ L(p,−∞, Z)
∗ ls(Z,B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

〈c := p.next; 〉
{

∃B. ls(Head, ε, p) ∗ L(p,−∞, c)
∗ ls(c, B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

〈t := c.value; 〉
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(c, B, nil) ∗ s(A·u·t·B)

∧ u < e

}

while (t < e) {
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(c, B, nil) ∗ s(A·u·t·B)

∧ u < e ∧ t<e

}

lock(c);
{

∃uZ.
∃AB. ls(Head, A, p) ∗ L(p, u, c)
∗ L(c, t, Z) ∗ ls(Z,B, nil) ∗ s(A·u·t·B)

∧ t < e

}

unlock(p);
{

∃Z.
∃AB. ls(Head, A, c) ∗ L(c, t, Z)
∗ ls(Z,B, nil) ∗ s(A·t·B)

∧ t < e

}

p := c;
{

∃uZ.
∃AB. ls(Head, A, p) ∗ L(p, u, Z)
∗ ls(Z,B, nil) ∗ s(A·u·B)

∧ u < e

}

〈c := p.next; 〉
{

∃u.
∃AB. ls(Head, A, p) ∗ L(p, u, c)
∗ ls(c, B, nil) ∗ s(A·u·B)

∧ u < e

}

〈t := c.value; 〉
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(Z,B, nil) ∗ s(A·u·t·B)

∧ u < e

}

}
{

∃uv.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, v, Z) ∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

return (p, c);
}

Figure 3.5: Outline verification of locate.
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add(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

(x, z) := locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

〈t = z.value; 〉 if(t )= e) {
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e < v

}

y = cons(0, e, z);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∗ U(y, e, z) ∧ u < e ∧ e < v

}

〈x.next = y; 〉
{

∃uv. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z) ∗ ls(Z,B, nil) ∗ s(A·u·e·B)
}

}
unlock(x);
{

∃v. ∃A. ls(Head, A, nil) ∗ s(A)
}

}

remove(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e ∧ e < +∞
}

(x, y) = locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v ∧ e < +∞

}

〈t = y.value; 〉 if(t = e) {
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

lock(y);
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈z := y.next; 〉
{

∃u.
∃AB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, z)
∗ ls(z, B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈x.next := z; 〉
{

∃u. ∃AB. ls(Head, A, x) ∗ L(x, u, z) ∗ ls(z, B, nil) ∗ s(A·u·B) ∗ L(y, e, z)
}

unlock(x);
{

∃A. ls(Head, A, nil) ∗ s(A) ∗ L(y, e, z)
}

dispose(y);
} else {

{

∃u. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ ls(y, B, nil) ∗ s(A·u·B)
}

unlock(x); }
{

∃A. ls(Head, A, nil) ∗ s(A)
}

}
Figure 3.6: Outline verification of add and remove.
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add(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

(x, z) := locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

〈t = z.value; 〉 if(t )= e) {
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e < v

}

y = cons(0, e, z);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∗ U(y, e, z) ∧ u < e ∧ e < v

}

〈x.next = y; 〉
{

∃uv. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z) ∗ ls(Z,B, nil) ∗ s(A·u·e·B)
}

}
unlock(x);
{

∃v. ∃A. ls(Head, A, nil) ∗ s(A)
}

}

remove(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e ∧ e < +∞
}

(x, y) = locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v ∧ e < +∞

}

〈t = y.value; 〉 if(t = e) {
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

lock(y);
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈z := y.next; 〉
{

∃u.
∃AB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, z)
∗ ls(z, B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈x.next := z; 〉
{

∃u. ∃AB. ls(Head, A, x) ∗ L(x, u, z) ∗ ls(z, B, nil) ∗ s(A·u·B) ∗ L(y, e, z)
}

unlock(x);
{

∃A. ls(Head, A, nil) ∗ s(A) ∗ L(y, e, z)
}

dispose(y);
} else {

{

∃u. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ ls(y, B, nil) ∗ s(A·u·B)
}

unlock(x); }
{

∃A. ls(Head, A, nil) ∗ s(A)
}

}
Figure 3.6: Outline verification of add and remove.
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locate(e) {
local p, c, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

p := Head;
{

∃ZB. ls(Head, ε, p) ∗ N(p,−∞, Z)
∗ ls(Z,B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

lock(p);
{

∃Z.
∃B. ls(Head, ε, p) ∗ L(p,−∞, Z)
∗ ls(Z,B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

〈c := p.next; 〉
{

∃B. ls(Head, ε, p) ∗ L(p,−∞, c)
∗ ls(c, B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

〈t := c.value; 〉
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(c, B, nil) ∗ s(A·u·t·B)

∧ u < e

}

while (t < e) {
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(c, B, nil) ∗ s(A·u·t·B)

∧ u < e ∧ t<e

}

lock(c);
{

∃uZ.
∃AB. ls(Head, A, p) ∗ L(p, u, c)
∗ L(c, t, Z) ∗ ls(Z,B, nil) ∗ s(A·u·t·B)

∧ t < e

}

unlock(p);
{

∃Z.
∃AB. ls(Head, A, c) ∗ L(c, t, Z)
∗ ls(Z,B, nil) ∗ s(A·t·B)

∧ t < e

}

p := c;
{

∃uZ.
∃AB. ls(Head, A, p) ∗ L(p, u, Z)
∗ ls(Z,B, nil) ∗ s(A·u·B)

∧ u < e

}

〈c := p.next; 〉
{

∃u.
∃AB. ls(Head, A, p) ∗ L(p, u, c)
∗ ls(c, B, nil) ∗ s(A·u·B)

∧ u < e

}

〈t := c.value; 〉
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(Z,B, nil) ∗ s(A·u·t·B)

∧ u < e

}

}
{

∃uv.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, v, Z) ∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

return (p, c);
}

Figure 3.5: Outline verification of locate.
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Lock-coupling list

39

add(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

(x, z) := locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

〈t = z.value; 〉 if(t )= e) {
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e < v

}

y = cons(0, e, z);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∗ U(y, e, z) ∧ u < e ∧ e < v

}

〈x.next = y; 〉
{

∃uv. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z) ∗ ls(Z,B, nil) ∗ s(A·u·e·B)
}

}
unlock(x);
{

∃v. ∃A. ls(Head, A, nil) ∗ s(A)
}

}

remove(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e ∧ e < +∞
}

(x, y) = locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v ∧ e < +∞

}

〈t = y.value; 〉 if(t = e) {
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

lock(y);
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈z := y.next; 〉
{

∃u.
∃AB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, z)
∗ ls(z, B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈x.next := z; 〉
{

∃u. ∃AB. ls(Head, A, x) ∗ L(x, u, z) ∗ ls(z, B, nil) ∗ s(A·u·B) ∗ L(y, e, z)
}

unlock(x);
{

∃A. ls(Head, A, nil) ∗ s(A) ∗ L(y, e, z)
}

dispose(y);
} else {

{

∃u. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ ls(y, B, nil) ∗ s(A·u·B)
}

unlock(x); }
{

∃A. ls(Head, A, nil) ∗ s(A)
}

}
Figure 3.6: Outline verification of add and remove.
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add(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

(x, z) := locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

〈t = z.value; 〉 if(t )= e) {
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e < v

}

y = cons(0, e, z);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∗ U(y, e, z) ∧ u < e ∧ e < v

}

〈x.next = y; 〉
{

∃uv. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z) ∗ ls(Z,B, nil) ∗ s(A·u·e·B)
}

}
unlock(x);
{

∃v. ∃A. ls(Head, A, nil) ∗ s(A)
}

}

remove(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e ∧ e < +∞
}

(x, y) = locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v ∧ e < +∞

}

〈t = y.value; 〉 if(t = e) {
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

lock(y);
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈z := y.next; 〉
{

∃u.
∃AB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, z)
∗ ls(z, B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈x.next := z; 〉
{

∃u. ∃AB. ls(Head, A, x) ∗ L(x, u, z) ∗ ls(z, B, nil) ∗ s(A·u·B) ∗ L(y, e, z)
}

unlock(x);
{

∃A. ls(Head, A, nil) ∗ s(A) ∗ L(y, e, z)
}

dispose(y);
} else {

{

∃u. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ ls(y, B, nil) ∗ s(A·u·B)
}

unlock(x); }
{

∃A. ls(Head, A, nil) ∗ s(A)
}

}
Figure 3.6: Outline verification of add and remove.
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locate(e) {
local p, c, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

p := Head;
{

∃ZB. ls(Head, ε, p) ∗ N(p,−∞, Z)
∗ ls(Z,B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

lock(p);
{

∃Z.
∃B. ls(Head, ε, p) ∗ L(p,−∞, Z)
∗ ls(Z,B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

〈c := p.next; 〉
{

∃B. ls(Head, ε, p) ∗ L(p,−∞, c)
∗ ls(c, B, nil) ∗ s(−∞·B)

∧ −∞ < e

}

〈t := c.value; 〉
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(c, B, nil) ∗ s(A·u·t·B)

∧ u < e

}

while (t < e) {
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(c, B, nil) ∗ s(A·u·t·B)

∧ u < e ∧ t<e

}

lock(c);
{

∃uZ.
∃AB. ls(Head, A, p) ∗ L(p, u, c)
∗ L(c, t, Z) ∗ ls(Z,B, nil) ∗ s(A·u·t·B)

∧ t < e

}

unlock(p);
{

∃Z.
∃AB. ls(Head, A, c) ∗ L(c, t, Z)
∗ ls(Z,B, nil) ∗ s(A·t·B)

∧ t < e

}

p := c;
{

∃uZ.
∃AB. ls(Head, A, p) ∗ L(p, u, Z)
∗ ls(Z,B, nil) ∗ s(A·u·B)

∧ u < e

}

〈c := p.next; 〉
{

∃u.
∃AB. ls(Head, A, p) ∗ L(p, u, c)
∗ ls(c, B, nil) ∗ s(A·u·B)

∧ u < e

}

〈t := c.value; 〉
{

∃u.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, t, Z) ∗ ls(Z,B, nil) ∗ s(A·u·t·B)

∧ u < e

}

}
{

∃uv.
∃ABZ. ls(Head, A, p) ∗ L(p, u, c)
∗ N(c, v, Z) ∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

return (p, c);
}

Figure 3.5: Outline verification of locate.
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Lock-coupling list

40

add(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e
}

(x, z) := locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v

}

〈t = z.value; 〉 if(t )= e) {
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e < v

}

y = cons(0, e, z);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, z) ∗ N(z, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∗ U(y, e, z) ∧ u < e ∧ e < v

}

〈x.next = y; 〉
{

∃uv. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z) ∗ ls(Z,B, nil) ∗ s(A·u·e·B)
}

}
unlock(x);
{

∃v. ∃A. ls(Head, A, nil) ∗ s(A)
}

}

remove(e) { local x, y, z, t;
{

∃A. ls(Head, A, nil) ∗ s(A) ∧ −∞ < e ∧ e < +∞
}

(x, y) = locate(e);
{

∃uv.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, v, Z)
∗ ls(Z,B, nil) ∗ s(A·u·v·B)

∧ u < e ∧ e ≤ v ∧ e < +∞

}

〈t = y.value; 〉 if(t = e) {
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ N(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

lock(y);
{

∃u.
∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, Z)
∗ ls(Z,B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈z := y.next; 〉
{

∃u.
∃AB. ls(Head, A, x) ∗ L(x, u, y) ∗ L(y, e, z)
∗ ls(z, B, nil) ∗ s(A·u·e·B)

∧ e < +∞

}

〈x.next := z; 〉
{

∃u. ∃AB. ls(Head, A, x) ∗ L(x, u, z) ∗ ls(z, B, nil) ∗ s(A·u·B) ∗ L(y, e, z)
}

unlock(x);
{

∃A. ls(Head, A, nil) ∗ s(A) ∗ L(y, e, z)
}

dispose(y);
} else {

{

∃u. ∃ZAB. ls(Head, A, x) ∗ L(x, u, y) ∗ ls(y, B, nil) ∗ s(A·u·B)
}

unlock(x); }
{

∃A. ls(Head, A, nil) ∗ s(A)
}

}
Figure 3.6: Outline verification of add and remove.
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Lecture plan
1. Introducing RGSep

2. Verification of a fine-grained concurrent datastructure

3. RG and CSL as special cases

4. Extensions, limitations and further work

41



Special cases

42

R ∪ G2,G1 ⊦ {p1} C1 {q1}     
R ∪ G1,G2 ⊦ {p2} C2 {q2}

R, G1 ∪ G2 ⊦ {p1 ∗ p2} C1 ‖ C2 {q1 ∗ q2}

PARALLEL COMPOSITION

⊦SL {P} C {Q}   ⟷   ⟂,⟂ ⊦RGSep {P} C {Q}

R,G ⊦RG {P} C {Q}   ⟷   R,G ⊦RGSep { [P] } C { [Q] }

J ⊦CSL {P} C {Q}   ⟷   J⇝J, J⇝J ⊦RGSep { P ∗ [J] } C { Q ∗ [J] }
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Multiple regions

44

State = { (s,h,H) ∈ Store × Heap × (RName ⇀ Heap) | h ⟂ H(r1) ⟂ ... ⟂ H(rn) }

State = { (s,h,H) ∈ Store × Heap × Heap | h ⟂ H }



Local Rely-Guarantee

45

while i<min([x],[y]) do
  if A[i]>0 then 
    [x]:=i
  else 
    i:=i+2
  end if 
end while

while j<min([x],[y]) do
  if A[j]>0 then 
    [y]:=j 
  else 
    j:=j+2 
  end if
end while

r := min([x],[y])

i := 0; j := 1; [x] := |A|; [y] := |A|;
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Summary
• RGSep as Concurrent Separation Logic + Rely-Guarantee

• Local state and shared state

• Boxed assertions, new definition of ∗

• Verification of a fine-grained concurrent datastructure

• Encoding CSL and RG

• Extensions and further work
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