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int - 1T}

~7 Tz — (T3 X T4)
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PAQ =7
int - 1T}

Ja, g(X; f(Y)), h(Y))

(true V false) A (false = true)
~7 T2 — (T3 X T4)

~? (X, g(Y,Z),h(b))
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PAQ

int - 1T}

Jj(a, (X, f(Y)),h(Y))
f(Y,h(a,b),Y)

-~

(true V false) A (false = true)
Ty — (T3 x Ty)

3(X;9(Y, Z), h(b))

F(X WV, 2),9(X))

D

QX X

-~



o Input: two terms, ¢; and to

«Or «Fr o« > < > A



o Input: two terms, ¢; and to

e Output: a substitution o where o(t1) = o(t2)
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o Input: two terms, ¢; and to

e Output: a substitution o where o(t1) = o(t2)

o Moreover, o should be the ‘most general’ solution
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o Input: two terms, ¢; and to

e Output: a substitution o where o(t1) = o(t2)

that makes o’(t) = o” (o (t)) for all ¢

«O>» «F>r «=r «E)» = o>

@ Moreover, o should be the ‘most general’ solution; that is,
for any other solution o', there exists a substitution o”
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Vrw <5

Vy.y <5

{wlz<zy # {yly<w}
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{zle<z} # {yly<w}
M Ay y+2 = Az dz.x+2
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Ve.x <5 = Vy.y<5>

{zle<zt # {yly<w}
Az Ay y+2 = Az dzr.x+2

lam = Ax. lam | lam lam | x
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Ve.x <5 = Vy.y<5>
{zle<z} # {yly<w}
Az Ay y+2 = Az dzr.x+2

(Az. (A\z.z)(A\x. x)x)x

(Ay. (Az. 2)(Aw. w)y)x

lam = Ax. lam | lam lam | x |
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~?7 Ay .1 24

~?7 Ay \r.xT 23

«O> «(Fr «E»r < .

i
-



A \y. Zry ~T Ay dx.xZy
Ay, Zoy ~T Ay Ax.x Z3
AT Ay Yy Zy

~T Ay. Ax.x Zs
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Az Ay. Z1y
Az Ay. Zay
AT Y.y Zy
Ax. Y.y Zg

Ay. Ax.x 21
Y. Ax. x 23
Y. Ax.x Zs
AT Ax.x 7

«aO>r «F>» «=>»

v

DA
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I will describe an algorithm that:

o takes a pair of A-terms, M7 and M>, and
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I will describe an algorithm that:

o takes a pair of A-terms, M7 and M>, and

@ returns the most general unifier of M; and My (if it exists)
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Input: a finite set P of

e equational problems (e.g. M; =7 M) and
o freshness problems (e.g. x #7 M)
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Nominal unification: problem specification

Input: a finite set P of
e cquational problems (e.g. My ~7 M) and
e freshness problems (e.g. x #7 M)

Output: a pair (V, o), where V is a finite set of freshness
assumptions and o is a substitution, that satisfies:

o Vit ua# o(M) for each (x #7 M) in P,
e VF o(M;)=0(Ms) for each (M; ~? M) in P
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Nominal unification: problem specification

Input: a finite set P of
e cquational problems (e.g. My ~7 M) and
e freshness problems (e.g. x #7 M)

Output: a pair (V, o), where V is a finite set of freshness
assumptions and o is a substitution, that satisfies:
o Vit ua# o(M) for each (x #7 M) in P,
e VF o(M;)=0(Ms) for each (M; ~? M) in P, and
e for any other solution (V’,0’) there exists a substitution o”
that makes
o V' -z # 0"(Z) for each (z # Z) in V' and
o V' o' (M)=0c"(c(M)) for all M.
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Nominal unification: algorithm outline

Repeatedly transforms the set of problems

First applies == until no equational problems remain

Then applies % until no problems remain

Might fail in either stage

Guaranteed to terminate

Successful transformation sequence on input P is of the
form
pa... g p Ny Nuyg

e Returns solution (Vi U---UV,,,0p0---007)
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A permutation 7 is a list of pairs of variables:
(1 91), (32 < 42), -, (20 < )]
«O>» «Fr» «E» < A
~ John Wickerson  Nominal Unification
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A permutation 7 is a list of pairs of variables:

(1 = y1), (22 2 42), - (@0 < yn)]-

T(Ax. M) = Mma).(m M)
7 (My Ma) = (7w My)(m Ma)
[Jz = =
z frz=y
(yez2)umae = {y fre =z
mx otherwise
n(n"Z) = (rQn')Z
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A permutation 7 is a list of pairs of variables:

(1 = y1), (22 2 42), - (@0 < yn)]-

T(Ax. M) = Mma).(m M)
7 (My Ma) = (7w My)(m Ma)
[Jz = =
z frz=y
(yez2)umae = {y fre =z
mx otherwise
n(n"Z) = (rQn')Z

lam = Ax.lam | lamlam |z | ® Z

DA



~-fun-1: { z. M ~? \z. M’} w P == {M ~? M'} U P

«O>» «Fr» «Er» « A

it
-



~-fun-1: { z. M ~? \z. M’} w P == {M ~? M'} U P

~-fun-2: {\e. M ~? \y. M'} W P == {M ~? (z < y) M,z #? M'}UP

(where = # y)
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~-fun-1: { z. M ~? \z. M’} w P == {M ~? M'} U P

~-fun-2: {\e. M ~? \y. M'} W P == {M ~? (z < y) M,z #? M'}UP

~r-app: { My My =? M| M}y W P == {M; ~? M|, My ~? Mj} U P

(where = # y)
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~-fun-1: { z. M ~? \z. M’} w P == {M ~? M'} U P
~-fun-2: {\e. M ~? \y. M'} W P == {M ~? (z < y) M,z #? M'}UP

(where = # y)
~r-app: { My My =? M| M}y W P == {M; ~? M|, My ~? Mj} U P

~~7?-var: {x ~7 w} WP == P

«0)>» «Fr «=»r « > o>



Phase 1 transformations

~?-fun-1: {\v. M ~? \e. M'} W P == {M ~? M'} U P

~-fun-2: {\e. M ~? \y. M'} W P == {M ~? (z < y) M,z #? M'}UP
(where = # y)

~r-app: { My My =7 M| My} W P == {M; ~? M{, My ~? My} U P

~7-var: {ac ~7 ac} WP == P

~7-susp-1: 22?0 ZYWP == {(x #? Z) |nx# 7' x}UP
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Phase 1 transformations

~?-fun-1: {\v. M ~? \e. M'} W P == {M ~? M'} U P

~-fun-2: {\e. M ~? \y. M'} W P == {M ~? (z < y) M,z #? M'}UP
(where = # y)

~r-app: { My My =7 M| My} W P == {M; ~? M{, My ~? My} U P

~7-var: {z=?z}WP = P
~7-susp-1: 22?0 ZYWP == {(x #? Z) |nx# 7' x}UP
~7-susp-2: (M ~?71Z}wP =% o(P)

(where M does not mention Z, and o = [Z := 7~ M])
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#7-fun-1:

{z #? o.M} w P 0

=

P
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#7-fun-1: {z #? \e. M} W P
#7-fun-2:

0
{s#?\y M}wP = {z#?M}UP

= P

(where = # y)

«O>» «F>r «=r «E)» = Q>



#7-fun-1: {z #? \e. M} W P
#7-fun-2:
#7-app:

0

= P
{.CC#?Mle}H‘JP

0

=

{s#?\y M}wP = {z#?M}UP

{z #? My,x #? My} UP

(where = # y)

«O>» «F>r «=r «E)» = o>



#7-fun-1: {z #? \e. M} W P
#7-fun-2:  {x #? Ay M} WP
#2-app:  {x #7 My Ma} W P
#7-var: {r #?y}w P

P

{z #? M} UP (where z #y)
{:L‘ #7 My, x #7 MQ} u”~P

P (where = # y)

l=l=l=1-

«O>» «F>r «=r «E)» = o>



#rfunl: {z#2 e MIwP =L P

#7-fun-2:  {x #? Ay M} WP SN {z #? M} UP (where z #y)
#rapp: {o #? M MY WP =L [o 47 My, x 47 My} UP
#7-var: {r #?y}w P Lop (where x # y)

#7-susp: {(z#?77Z2}WwP =% P (where V= {r"lz# Z})

«O>» «F>r «=r «E)» = o>



{Ae. Ny. Zry =? Ay \e.x Z1 }
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{Ae. Ny. Zry =? Ay \e.x Z1 }

= My Ziyx?(z ey Or.aZ),z #? ez Z)}  (=7-fun-2)
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{Ae. Ny. Zry =? Ay \e.x Z1 }

{MN.Ziy=?  y.y (x> y) Z1),c #? Ae.x Z1}

«0)>» «Fr «=»r « o>

= My Ziyx?(z ey Or.aZ),z #? ez Z)}  (=7-fun-2)
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{Ae. Ny. Zry =? Ay \e.x Z1 }

= My Ziyx?(z ey Or.aZ),z #? ez Z)}  (=7-fun-2)

= (M. Z1y=? .y (zy) Z1),z #? A\e.x Z1}
= {Ziy=?y(x<y) Z1),x #? ez Z1}

(~?-fun-1)

«O0>» «F>r «=Z)r «=)»



{Ae. Ny. Zry =? Ay \e.x Z1 }
M. Zry=? (xeoy) (Ae.xZy),x #? Ae.x Z1} (~?-fun-2)
{MN.Ziy=?  y.y (x> y) Z1),c #? Ae.x Z1}

{Ziy=ty((x e y) Z1),x #? X\e.x Z1} (~?-fun-1)
{Z1 =Ty, y=? (x> y) Z1,x #? Xv.x Z1}

ﬂ“ u’“ [ u’“

(=7-app)
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Worked example 1

Az \y. Zyy =7 A\y. A\v.x Z1 }

= My Ziyx?(z ey Or.aZ),z #? ez Z)}  (=7-fun-2)
= { M. Z1y=? X Ny.y((zxy) Z1), 2 #? Av.x Z1}
= {Ziy=?y(x o y) Z1),x #? Ne.x 21} (~7-fun-1)
== {Zy =2y, y~? (< y) Zy,x #2 \vx 21} (~?-app)
sy, {y=? (x> y)y,x #? Ae.xy} (~?-susp-2)
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Worked example 1

Az \y. Zyy =7 A\y. A\v.x Z1 }

= My Ziyx?(z ey Or.aZ),z #? ez Z)}  (=7-fun-2)
= { M. Z1y=? X Ny.y((zxy) Z1), 2 #? Av.x Z1}
= {Ziy=?y(x o y) Z1),x #? Ne.x 21} (~7-fun-1)
== {Zy =2y, y~? (< y) Zy,x #2 \vx 21} (~?-app)
sy, {y=? (x> y)y,x #? Ae.xy} (~?-susp-2)

{y =?z,x #7 \x.zy}
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Worked example 1

Az \y. Zyy =7 A\y. A\v.x Z1 }

= My Ziyx?(z ey Or.aZ),z #? ez Z)}  (=7-fun-2)
= { M. Z1y=? X Ny.y((zxy) Z1), 2 #? Av.x Z1}
= {Ziy=?y(x o y) Z1),x #? Ne.x 21} (~7-fun-1)
== {Zy =2y, y~? (< y) Zy,x #2 \vx 21} (~?-app)
sy, {y=? (x> y)y,x #? Ae.xy} (~?-susp-2)
= {y=xTx,x#? \r.xy}
FAIL!
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{Ae. \y.y Zg =7 Nx. \v.x Z7}
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{Ae. \y.y Zg =7 Nx. \v.x Z7}
= {\y.yZs=? \x.x Z7}

(~=7-abs-1)
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{Ae. \y.y Zg =7 Nx. \v.x Z7}
= {\y.yZs=? \x.x Z7}

= {yZe ~? (y < x) (v Z7),y #7? x Z7}

(=7-abs-1)
(~7-abs-2)

«0)>» «Fr «=»r « o>
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{Ae. \y.y Zg =7 Nx. \v.x Z7}
= {\y.yZs=? \x.x Z7}
= {yZs=? (y > x)(xZ7),y #? v Z7}
= {yZs =y ((y < x) Z7),y #7 v Z7}

(~=7-abs-1)
(~=7-abs-2)
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{Ae. \y.y Zg =7 Nx. \v.x Z7}

= {\y.yZs=? \x.x Z7} (~7-abs-1)
= {yZs=? (y > x)(xZ7),y #? v Z7} (~7-abs-2)
= {yZe =7y ((y @) Z1),y #7 v Z7}
= {ly=Ty,Zs =7 (y > x) Zr,y #? xZ7} (~7-app)
«O0>» «F>r «=Z)r «=)»

DA



“m ﬂ’“ [ ﬂ’“ ﬂ“

{Ae. \y.y Zg =7 Nx. \v.x Z7}

{\y.y Zg =? Nw.x Zr} (~?-abs-1)
{yZs =? (y ) (x Z7),y #7 x Z7} (~7-abs-2)
{yZe =7y ((y < ) Z7),y #7 x Z7}

{ly=Ty,Zs =7 (y > x) Zr,y #? xZ7} (~7-app)
{Zs =7 (y > ) Zy,y #7 2 Z7} (~?-var)
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{Ae. \y.y Zg =7 Nx. \v.x Z7}

= {\y.yZs=? \x.x Z7} (~?-abs-1)
= {yZs=? (y > x)(xZ7),y #? v Z7} (~7-abs-2)
= {yZe~"y((y < x) Z7),y #7 v Z7}
= {y=?y, Ze=? (y > x) Zr,y #? x Z1}  (~7-app)
== {Zs=? (y o x) Zo,y #7 2 27} (~7-var)
Ze=(y0r2) Z£> {y #?x Z7} (~?7-susp-2)
<o <Fr «=Hr «Er E DAl



Worked example 2

{Ae. Ny.y Zg =7 \x. \x.x Z7}

= {\y.yZs ~=? \x.x Z7} (~?-abs-1)
== {yZs~? (yora)(wZ7),y #? w21} (=7-abs2)
= {yZe =7y ((y <) Z7),y #? x Z7}
== {y=?y,Ze =7 (y > x) Zr,y #? x Z1}  (~7-app)
== {Zsr? (y ) Zo,y #? x 27} (~7-var)
Za=(yore) Z72 {y #? x Z7} (~=7-susp-2)
:®> {y #7 z,y #? Z?} (#7-app)
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Worked example 2

{Ae. Ny.y Zg =7 \x. \x.x Z7}

.y Zs =? \v.x Zr}

{yZs =7 (y<>x)(x Z7),y #? x Z7}
{yZs =7y ((y < x) Z7),y #7 x Z7}
{ly~Ty, Ze =7 (y<>ra) Zr,y #7 v Z7}
{Z@ ~7 (y R d x) Zr, Yy #7x Z7}

= {y#7aZr)

{y #7 2,y #7 Z7}

{y #? Z7}

M‘“ M‘“ [ M‘“ M“

N

Zes:=(y+>x)

==
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Worked example 2

M‘“ M‘“ [ M‘“ M“

N

Zﬁ:Z(y<—>$) 7

e e |

{Ae. Ny.y Zg =7 \x. \x.x Z7}

.y Zs =? \v.x Zr}

{yZs =7 (y<>x)(x Z7),y #? x Z7}
{yZs =7y ((y < x) Z7),y #7 x Z7}
{ly~Ty, Ze =7 (y<>ra) Zr,y #7 v Z7}
{Zs =? (y > ) Z7,y #7 x Z7}

{y #1227}

{y #?x,y #7? Z7}

{y #7 Z7}

{}

John Wickerson Nominal Unification



Worked example 2

{Ae. Ny.y Zg =7 \x. \x.x Z7}

= {\y.yZs ~=? \x.x Z7}
= {yZs =7 (y > x) (v Z),y #7? x Z7}
= {yZe=?y((y> ) Z7),y #? x Z7}
== {y~?y,Zs =T (y > x) Zr,y #7 x Z7)
== {Zsr? (y ) Zo,y #? x 27}
TNy w00 20
Lo {y#r ey #? Zr)
Lo {y #7 27}
Y

Solution: (y # Zr,[Zs := (y < ) Z1])
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have names and name-binders.

o Nominal unification is an algorithm for unifying terms that
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have names and name-binders.
o Alternatives:

o Nominal unification is an algorithm for unifying terms that

o Nameless representation (de Bruijn indices [2])
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have names and name-binders.
o Alternatives:

o Nominal unification is an algorithm for unifying terms that

o Nameless representation (de Bruijn indices [2])

[but not so intuitive]
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have names and name-binders.
o Alternatives:

o Nominal unification is an algorithm for unifying terms that

o Nameless representation (de Bruijn indices [2])
o Higher-order abstract syntax

[but not so intuitive]
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have names and name-binders.
o Alternatives:

o Nominal unification is an algorithm for unifying terms that

o Nameless representation (de Bruijn indices [2])
o Higher-order abstract syntax

[but not so intuitive]
[but problem becomes undecidable]
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Conclusion

o Nominal unification is an algorithm for unifying terms that
have names and name-binders.
o Alternatives:
o Nameless representation (de Bruijn indices [2])
[but not so intuitive]
e Higher-order abstract syntax
[but problem becomes undecidable]
o Current algorithm is exponential. Can use termgraphs and
delayed permutations to get polynomial version [1].
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