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Lecture Plan

• A old-style proof of list_reverse

• A proof of list_reverse in separation logic

• Separation logic’s proof rules

• Soundness of the Frame rule
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Lecture Plan

• A old-style proof of list_reverse

• A proof of list_reverse in separation logic

• Separation logic’s proof rules

• Soundness of the Frame rule
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Proof of list reverse
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{list δ x}
y := 0;
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

a

b

c 0

w x y z



Proof of list reverse
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{list δ x}
y := 0;
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y z

list δ



Proof of list reverse
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{list δ x}
y := 0;
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y

0

z

list δ



Proof of list reverse
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{list δ x}
y := 0;
{∃α,β. list α x ∧ list β y ∧ δ = -β·α}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y z

list α

list β

δ = -β · α



Proof of list reverse
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{list δ x}
y := 0;
{∃α,β. list α x ∧ list β y ∧ δ = -β·α
∧ (∀z. reach(x,z) ∧ reach(y,z) ⇒ z=0)}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y z

list α

list β

δ = -β · α



Proof of list reverse
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{list δ x}
y := 0;
{∃α,β. list α x ∧ list β y ∧ δ = -β·α
∧ (∀z. reach(x,z) ∧ reach(y,z) ⇒ z=0)}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y z

list α

list β

δ = -β · α

reach(x,y)     =  ∃n≥0. reachn(x,y)
reach0(x,y)    =  x=y
reachn+1(x,y) =  ∃x’. x ↪ _,x’ ∧ reachn(x’,y)



Proof of list reverse
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{list δ x}
y := 0;
{∃α,β. list α x ∧ list β y ∧ δ = -β·α
∧ (∀z. reach(x,z) ∧ reach(y,z) ⇒ z=0)}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y z

list α

list β

δ = -β · α



Proof of list reverse
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{list δ x}
list_reverse(x,y)
{list -δ y}



Proof of list reverse
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{list δ x ∧ list ε w}
list_reverse(x,y)
{list -δ y}



Proof of list reverse
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{list δ x ∧ list ε w 
∧ (∀z. reach(x,z) ∧ reach(w,z) ⇒ z=0)}
list_reverse(x,y)
{list -δ y}



Proof of list reverse
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{list δ x ∧ list ε w 
∧ (∀z. reach(x,z) ∧ reach(w,z) ⇒ z=0)}
y := 0;
{∃α,β. list α x ∧ list β y ∧ δ = -β·α
∧ (∀z. reach(x,z) ∧ reach(y,z) ⇒ z=0)}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}



Proof of list reverse

16

{list δ x ∧ list ε w 
∧ (∀z. reach(x,z) ∧ reach(w,z) ⇒ z=0)}
y := 0;
{∃α,β. list α x ∧ list β y ∧ δ = -β·α
∧ (∀z. reach(x,z) ∧ reach(y,z) ⇒ z=0)
∧ list ε w 
∧ (∀z. (reach(x,z) ∨ reach(y,z)) 
   ∧ reach(w,z) ⇒ z=0)}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}



Proof of list reverse
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{list δ x ∧ list ε w 
∧ (∀z. reach(x,z) ∧ reach(w,z) ⇒ z=0)}
y := 0;
{∃α,β. list α x ∧ list β y ∧ δ = -β·α
∧ (∀z. reach(x,z) ∧ reach(y,z) ⇒ z=0)
∧ list ε w 
∧ (∀z. (reach(x,z) ∨ reach(y,z)) 
   ∧ reach(w,z) ⇒ z=0)}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y ∧ list ε w 
∧ (∀z. reach(x,z) ∧ reach(w,z) ⇒ z=0)}



Proof of list reverse
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{list δ x ∧ list ε w 
∧ (∀z. reach(x,z) ∧ reach(w,z) ⇒ z=0)}
list_reverse(x,y)
{list -δ y ∧ list ε w 
∧ (∀z. reach(x,z) ∧ reach(w,z) ⇒ z=0)}}



20th century proof
Summary: 
Without separation logic, proofs are fiddly and not 
modular, but they can be done.

19



Lecture Plan

• A old-style proof of list_reverse

• A proof of list_reverse in separation logic

• Separation logic’s proof rules

• Soundness of the Frame rule
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Proof of list reverse

21

{list δ x}
y := 0;
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

a

b

c 0

w x y z



Proof of list reverse
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{list δ x}
y := 0;
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

a

b

c 0

w x y z



Proof of list reverse
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{list δ x}
y := 0;
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y z

list δ



Proof of list reverse
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{list δ x}
y := 0;
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y

0

z

list δ



Proof of list reverse
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{list δ x}
y := 0;
{∃α,β. list α x ∗ list β y ∗ δ ≐ -β·α}
while (x≠0) do {  
    z := [x+1];
    [x+1] := y;
    y := x; 
    x := z;
}
{list -δ y}

w x y z

list α list β

δ = -β · α



Proof of list reverse
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{list δ x}
y := 0;
while {∃α,β. list α x ∗ list β y ∗ δ ≐ -β·α} (x≠0) do {  
    {∃a,α,β,Z. x ↦ a,Z ∗ list α Z ∗ list β y ∗ δ ≐ -β·a·α}
    z := [x+1];
    {∃a,α,β. x ↦ a,z ∗ list α z ∗ list β y ∗ δ ≐ -β·a·α} 
    [x+1] := y;
    {∃a,α,β. x ↦ a,y ∗ list α z ∗ list β y ∗ δ ≐ -β·a·α}
    {∃α,β. list α z ∗ list β x ∗ δ ≐ -β·α}
    y := x; x := z;
    {∃α,β. list α x ∗ list β y ∗ δ ≐ -β·α}
}
{list -δ y}



Proof of list reverse
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{list δ x}
list_reverse(x,y)
{list -δ y}



Proof of list reverse
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{list δ x ∗ list ε w ∗ tree t}
list_reverse(x,y)
{list -δ y}



Proof of list reverse

29

{P} C {Q}
{P ∗ R} C {Q ∗ R}

†provided R doesn’t mention 
any variable modified by C

(†)

{list δ x ∗ list ε w ∗ tree t}
list_reverse(x,y)
{list -δ y ∗ list ε w ∗ tree t}



Lecture Plan

• A old-style proof of list_reverse

• A proof of list_reverse in separation logic

• Separation logic’s proof rules

• Soundness of the Frame rule
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31

x := cons(3);
y := cons(5,1);
x := [x];
[y+1] := 6;
dispose(y);

w

0

x

0

y

0

z

0



w

0

x

42

y

0

z

0

32

3

42x := cons(3);
y := cons(5,1);
x := [x];
[y+1] := 6;
dispose(y);



w

0

x

42

y

78

z

0

3

42

33

5 1

78 79

x := cons(3);
y := cons(5,1);
x := [x];
[y+1] := 6;
dispose(y);



34

x := cons(3);
y := cons(5,1);
x := [x];
[y+1] := 6;
dispose(y);

w

0

x

3

y

78

z

0

3

42

5 1

78 79
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x := cons(3);
y := cons(5,1);
x := [x];
[y+1] := 6;
dispose(y);

w

0

x

3

y

78

z

0

3

42

5 6

78 79
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x := cons(3);
y := cons(5,1);
x := [x];
[y+1] := 6;
dispose(y);

w

0

x

3

y

78

z

0

3

42

6

79



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{emp} 
x := cons(e1,...,en) 

{x↦e1,...,en}



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{emp} 
x := cons(e1,...,en) 

{x↦e1,...,en}

{P} C {Q}
{P ∗ R} C {Q ∗ R}

†provided R doesn’t mention 
any variable modified by C

(†)



{emp}
x := cons(3);
{x↦3 ∗ emp}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{emp} 
x := cons(e1,...,en) 

{x↦e1,...,en}

{P} C {Q}
{P ∗ R} C {Q ∗ R}

†provided R doesn’t mention 
any variable modified by C

(†)



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{e↦Y} 
x := [e] 

{x≐Y ∗ e↦Y}



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}

43

{e↦Y} 
x := [e] 

{x≐Y ∗ e↦Y}

{e≐X ∗ X↦Y} 
x := [e] 

{x≐Y ∗ X↦Y}



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{∃X. x≐X ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}

44

{e≐X ∗ X↦Y} 
x := [e] 

{x≐Y ∗ X↦Y}

{P} C {Q}
{∃X.P} C {∃X.Q}



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{e1↦_}
[e1] := e2 
{e1↦e2}



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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{e↦_}
dispose(e) 

{emp}



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ emp ∗ y+1↦6}
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{e↦_}
dispose(e) 

{emp}



{emp}
x := cons(3);
{x↦3}
y := cons(5,1);  
{x↦3 ∗ y↦5 ∗ y+1↦1}
x := [x];
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦1}
[y+1] := 6;  
{∃X. x≐3 ∗ X↦3 ∗ y↦5 ∗ y+1↦6}
dispose(y);
{∃X. x≐3 ∗ X↦3 ∗ y+1↦6}
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Lecture Plan

• A old-style proof of list_reverse

• A proof of list_reverse in separation logic

• Separation logic’s proof rules

• Soundness of the Frame rule
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Soundness

51

    if  ⊦ {P} C {Q}
then  ⊧ {P} C {Q} ⊦ {P} C {Q}

⊦ {P ∗ R} C {Q ∗ R}
†provided R doesn’t mention 
any variable modified by C

(†)

assume  ⊧ {P} C {Q} 
show     ⊧ {P∗R} C {Q∗R} 



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 



Soundness of Frame rule

53

show  ⊧ {P∗R} C {Q∗R} 

if (P∗R)σ then:
(C,σ) doesn’t fault, and (C,σ)⇓σ’ ⇒ (Q∗R)σ’

assume  ⊧ {P} C {Q} 



Soundness of Frame rule
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assume  ⊧ {P} C {Q} 

(P∗R)σ

show  ⊧ {P∗R} C {Q∗R} 

(C,σ) doesn’t fault, and (C,σ)⇓σ’ ⇒ (Q∗R)σ’



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

assume  ⊧ {P} C {Q} 

(P∗R)σ



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

Safety Monotonicity



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

Safety MonotonicitySafety Monotonicity



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

Safety Monotonicity

C doesn’t fault

Safety Monotonicity



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

Safety MonotonicitySafety Monotonicity



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

Safety Monotonicity

C still doesn’t fault

Safety Monotonicity



Soundness of Frame rule

63

show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ) doesn’t fault (C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

Safety Monotonicity



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault



Soundness of Frame rule
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assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2
(C,σ1) doesn’t fault

(C,σ)⇓σ’

show  ⊧ {P∗R} C {Q∗R} 

(C,σ)⇓σ’ ⇒ (Q∗R)σ’



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

(C,σ)⇓σ’
σ’ = σ1’ ∗ σ2

(C,σ1)⇓σ1’Frame Property



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

(C,σ)⇓σ’
σ’ = σ1’ ∗ σ2

(C,σ1)⇓σ1’Frame PropertyFrame Property

C



Soundness of Frame rule
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ)⇓σ’ ⇒ (Q∗R)σ’

(C,σ1) doesn’t fault

(C,σ)⇓σ’
σ’ = σ1’ ∗ σ2

(C,σ1)⇓σ1’Frame PropertyFrame Property
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show  ⊧ {P∗R} C {Q∗R} 
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 

(P∗R)σ
σ = σ1 ∗ σ2

P σ1  ∧   R σ2

(C,σ)⇓σ’ ⇒ (Q∗R)σ’

σ’ = σ1’ ∗ σ2

(C,σ1)⇓σ1’Q σ1’
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 
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show  ⊧ {P∗R} C {Q∗R} 

assume  ⊧ {P} C {Q} 



Summary

• A old-style proof of list_reverse

• A proof of list_reverse in separation logic

• Separation logic’s proof rules

• Soundness of the Frame rule
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(P ∗ Q) s =  ∃s1,s2. s = s1 + s2 and (P s1) and (Q s2)
(P ∧ Q) s
(P ∨ Q) s

(¬P) s

=  (P s) and (Q s)
=  (P s) or (Q s)
=  not (P s)

=  s ≥ £5 and s ≥ £20
=  s ≥ £20

s
s

=  s ≥ £5
=  s ≥ £20

(      ∧     ) s =  (      s) and (     s)
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(P ∗ Q) s =  ∃s1,s2. s = s1 + s2 and (P s1) and (Q s2)
(P ∧ Q) s
(P ∨ Q) s

(¬P) s

=  (P s) and (Q s)
=  (P s) or (Q s)
=  not (P s)

s
s

=  s ≥ £5
=  s ≥ £20

=  ∃s1,s2. s = s1+s2 and s1 ≥ £5 and s2 ≥ £20
=  s ≥ £25

=  ∃s1,s2. s = s1+s2 and (      s1) and (whi s2)(      ∧     ) s∗


