More Separation Logic



| ecture Plan

e A old-style proof of 1ist_reverse
e A proof of 1ist_reverse in separation logic
e Separation logic's proof rules

e Soundness of the Frame rule
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Proof of list reverse

b
/
{list & x} /
y = 0; C 0
while (x#0) do {
z 1= [x+1];
x+1] :=y;
W X y z
y = X;
\ = z,

{list -6 y}



Proof of list reverse

={>{|iSt o X} /

y ;= 0;
while (x#0) do {

list ©

z ;= [x+1];
x+1] :==y;
y = X

X 1= Z;

h

{list -8 y}



Proof of list reverse

list ©
{list & x} /
I=:>y = 0;

while (x#0) do {

z ;= [x+1];

x+1] :==y; . )

y = X
\ =z

{list -8 y}



Proof of list reverse

{list & x}
y = 0;
{3a,B. listaa x A list By A S =-Ba}
while (x#0) do {
z .= [x+1];
1] =y
y = X
X = Z,
h
{list -8 y}

/

list o

list B




Proof of list reverse

list o

{list & x}
y := 0,
{3a,B. listaa x A list By A S =-Ba |ist,§3

A (Vz. reach(x,z) A reach(y,z) = z=0)}

while (x#0) do {

z 1= [x+1];
[x+1] :=y; /
y = X; = A Y

/

X 1= Z;

h

{list -8 y} 0=-f a



Proof of list reverse
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10




Proof of list reverse

list o

{list & x}
y := 0,
{3a,B. listaa x A list By A S =-Ba |ist,§3

A (Vz. reach(x,z) A reach(y,z) = z=0)}

while (x#0) do {

z 1= [x+1];
[x+1] :=y; /
y = X; = A Y

/

X 1= Z;

h

{list -8 y} 0=-f a



Proof of list reverse

{list & x}

list reverse(x,y)

{list -8 y}



Proof of list reverse

{list & x A list € w}
list reverse(x,y)

{list -8 y}



Proof of list reverse

{list & x A list € w
A (Vz. reach(x,z) A reach(w,z) = z=0)}

list reverse(x,y)

{list -8 y}



Proof of list reverse

{list & x A list € w

A (Vz. reach(x,z) A reach(w,z) = z=0)}
y ;= 0;

{3aB. listax AlistByAd=-Pa

A (Vz. reach(x,z) A reach(y,z) = z=0)}

while (x#0) do {

z .= [x+1];
x+1] :=y;
y = X
X 1= Z;

h
{list -8 y}



Proof of list reverse

{list & x A list e w

A (Vz. reach(x,z) A reach(w,z) = z=0)}
y = 0;

{FaB. lista x Alist By A B =-Ba

A (Vz. reach(x,z) A reach(y,z) = z=0)

A list € w
A (Vz. (reach(x,z) v reach(y,z))
A reach(w,z) = z=0)}

while (x#0) do {

z ;= [x+1];
}+1] = y;
y = X
X = Z,

h
{list -8 y}



s o o TOOT OF list reverse

A (Vz. reach(x,z) A reach(w,z) = z=0)}
y = 0;
{3aB. listaa x A list By A B =-Ba
A (Vz. reach(x,z) A reach(y,z) = z=0)
A list € w
A (Vz. (reach(x,z) v reach(y,z))

A reach(w,z) = z=0)}

while (x#0) do {

z ;= [x+1];
x+1] :==y;
y = X
X 1= Z,

h

{list -8y A list £ w
A (Vz. reach(x,z) A reach(w,z) = z=0)}



Proof of list reverse

{list & x A list € w

A (Vz. reach(x,z) A reach(w,z) = z=0)}
list reverse(x,y)

{list -6y A list £ w

A (Vz. reach(x,z) A reach(w,z) = z=0)}}



20th century proof

Summary:

Without separation logic, proofs are fiddly and not

modular, but they can be done.
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Proof of list reverse

b
/
{list & x} /
y = 0; C 0
while (x#0) do {
z 1= [x+1];
x+1] :=y;
W X y z
y = X;
\ = z,

{list -6 y}



Proof of list reverse

b
/
{list & x} /
y = 0; C 0
while (x#0) do {
z 1= [x+1];
x+1] :=y;
W X y z
y = X;
\ = z,

{list -6 y}



Proof of list reverse

N

list ©
{list & x}
I:{>y = 0;

while (x#0) do {

z ;= [x+1];

}+1] = y; . )

y = X

X 1= Z: ~—e
¥

{list -8 y}



Proof of list reverse

N

list ©

{list & x}
y :=0;
while (x#0) do {

z ;= [x+1];

}+1] = y; . )

y = X

X 1= Z: ~—e
¥

{list -8 y}



Proof of list reverse

N

list o list B

{list & x}
y = 0;
{3a,B. list o x x list By *x 8 =-B-a} l\
while (x#0) do {

z ;= [x+1];

1] =, W X y / Z

y = X;

X 1= Z: e /
}

{list -8 y} 0=-f- -«



Proof of list reverse

{list & x}

y .= 0;

while {3a,B. list oo x * list By * & = -B-a} (x#0) do {
{3a,a,B,Z. x> a,Z xlistaa ZxlistBy=x*d=-P-aoa}
z ;= [x+1];
{3a,a,B. x—» a,zxlistwzxlistBy*0d=-Baaoa}
x+1] :==y;
{3a,a,B. x—ayxlistaz*listByx*d=-Baa}l
{3a,B. list o z x list B x * & = -B-a}
Yy I= X, X 1= Z;
{3a,B. list ou x * list By x & = -B-o}

}

{list -8 y}



Proof of list reverse

{list & x}

list reverse(x,y)

{list -8 y}



Proof of list reverse

{list & x * list € w * tree t}
list reverse(x,y)

{list -8 y}



Proof of list reverse

{list & x * list € w * tree t}
list reverse(x,y)

{Iist -0y * list € w x tree t} {P} C {Q}
{P * R} C {Q * R}

Tprovided R doesn’'t mention

(1)

any variable modified by C
4




| ecture Plan

e A old-style proof of 1ist_reverse

e A proof of 1ist_reverse in separation logic

. Soundness of the Frame rule



>

x := cons(3);

y := cons(5,1);
x = [x];
ly+1] == 6;

dispose(y);
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x = [x];
ly+1] == 6;
dispose(y);

42

42




x := cons(3);
S y := cons(5,1);

x = [x];

ly+1] == 6;

dispose(y);
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x := cons(3);

y := cons(5,1);
x = [x];
ly+1] == 6;

= dispose(y);
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x := cons(3);

y := cons(5,1);

x = [x];
ly+1] == 6;
dispose(y);

42

79

78




{emp}

x := cons(3);

{x~3}

y := cons(5,1);

{x~3 x y»b x y+1-1}

x = [x];

{3X. x=3 * X3 % y»b x y+1-1}
ly+1] := 6;

{aX. x=3 x X3 * y»b x y+1-6}
dispose(y);

{3X. x=3 * X3 x y+1-6}



{emp}

x := cons(3); | {emp}
b AP




{x~3}

y := cons(5,1);
{x~3 x y»b x y+1-1}

{emp}

X := cons(et,...,en)

1Py C1Q;
{P xR} C{Q * R}

Tprovided R doesn’'t mention

(T)

any variable modified by C




<

emp}
cons(5,1);

{emp}

X := cons(et,...,en)

1Py C1Q;
{P xR} C{Q * R}

Tprovided R doesn’'t mention

(T)

any variable modified by C




{x~3}

y := cons(5,1);
{x~3 x y»b x y+1-1}



{e~Y}
x = |e]
{x=Y x enY'}

{x~3 x y»b x y+1-1}
x = [x];

{aX. x=3 x X3 x y»b x y+1-1}

42



|

{x~3 x y»b x y+1-1}
x = [x];

{aX. x=3 x X3 x y»b x y+1-1}

43



{Prc{Q} |
{aX.P} C {aX.Q}




{x~3 x y»b x y+1-1}
x = [x];
{3X. x=3 * X3 % y»b x y+1-1}

45



y+1-1}

y+1-6}

e _;

le1] == e

{e1~er}




{e~_}

dispose(e)

{emp}

{  x=3 % X3 % yob x y+1-6}
dispose(y);
{  x=3 % X3 x y+1-6}

47



1

dispose(y);

1

yH3

emp

{e~_}

dispose(e)

{emp}




{aX. x=3 x X3 * y»b x y+1-6}
dispose(y);
{aX. x=3 x X3 x y+1~6}
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Soundness

{PYC{QY
F{P x R} C {Q * R}

if +{P} C{Q}
then £ {P} C {Q}

Tprovided R doesn’'t mention
any variable modified by C

assume kF{P} C{Q}
show F {PxR} C {QxR} J




Soundness of Frame rule
assume F {P} C {Q}J

show F {PxR} C {QxR}

y




Soundness of Frame rule
assume F {P} C {Q}J

if (PxR)o then:
(C,0) doesn't fault, and (C,0)Uc’ = (Q*R)o’

show F {PxR} C {QxR} I ’




Soundness of Frame rule

assume E{P} C {Q}J
(P*R)O‘J

(C,0) doesn't fault, and (C,o)lo’ = (Q*R)o’ J

show F {PxR} C {QxR} I




Soundness of Frame rule

assume E{P} C {Q}J
(P*R)O‘J

(C,0) doesn't fault | (C,o)Uo’ = (QxR)o’ J
show F {PxR} C {QxR} I




Soundness of Frame rule

assume {P} C {Q}J
(P*R)o [

O = 01  O?
PG1/\ RO'Q

(C,0) doesn't fault | (C,o)Uo’ = (QxR)o’ J
show F {PxR} C {QxR} I




Soundness of Frame rule

assume F {P} C {Q}J\
(P*R)o [

O = O1 * O J (C,01) doesn't fauItJ

PO'1/\ RV
A\

(C,0) doesn't fault | (C,o)Uo’ = (QxR)o’ J
show F {PxR} C {QxR} I




Soundness of Frame rule

assume + {P} C {Q} |
(P*R)o [
O = O1 * O J (C,01) doesn't fauItJ

PO'1/\ RO'Q/

Safety Monotonicity

/
(C,0) doesn’t fault I (C,o)lo" = (Q*R)c’
show F {PxR} C {QxR} I J




Soundness of Frame rule

i

assun

(Px

(

Safety Monotonicity

/

(C,0) doesn't fauItJ (C,o)lo’ = (QxR)o’ J
show k {PxR} C {QxR} J

59



C doesn't fault
\

Safety Monotonicity




Soundness of Frame rule

i

assun

(Px

Safety Monotonicity

/

(C,0) doesn't fauItJ (C,o)Vo’ = (Q*R)c’ J
show k {PxR} C {QxR} J

61



C still doesn't fault

..
..
L]
L]

Safety Monotonicity




Soundness of Frame rule

assume + {P} C {Q} |
(P*R)o [
O = O1 * O J (C,01) doesn't fauItJ

PO'1/\ RO'Q/

Safety Monotonicity

/
(C,0) doesn’t fault I (C,o)lo" = (Q*R)c’
show F {PxR} C {QxR} I J




Soundness of Frame rule

assume ¢ {P} C {Q}
(P*R)o [
O = O1 * O J (C,01) doesn't fauItJ

PG1/\ RO'Q

(C,o)lo" = (Q*R)c’ J

show F {PxR} C {QxR} I




Soundness of Frame rule

assume {P} C {Q}J
(P*R)o [

O = O1 * O (C,01) doesn't fauItJ
P O1 A R O2

~ (C,o)Uc

(QxR)o’ J
show F {PxR} C {Q*R}T




Soundness of Frame rule
assume F {P} C {Q}J

P*R)c
O = 01 % 02 (C 01) doesn't faultJ
P O1 A R O2
-~ (Co)ic’
O = O] * O9
Frame Property (C,O’l)UO'l’
(Q*R)o’ J

show F {PxR} C {Q*R}j




Soundness of Frame rule

Frame Property

|\,01) V01

y

(Q*R)o’ J

show k {PxR} C {Q*R}j

67



Soundness of Frame rule

Frame Property

|\,01) V01

y

(Q*R)o’ J

show k {PxR} C {Q*R}j

68



Frame Property

69



Frame Property

70



Soundness of Frame rule

Frame Property

|\,01) V01

y

(Q*R)o’ J

show k {PxR} C {Q*R}j

71



..................

Frame Property

72



Frame Property

73



Soundness of Frame rule
assume F {P} C {Q}J

P*R)c
O = 01 % 02 (C 01) doesn't faultJ
P O1 A R O2
-~ (Co)ic’
O = O] * O9
Frame Property (C,O’l)UO'l’
(Q*R)o’ J

show F {PxR} C {Q*R}j




Soundness of Frame rule

assume {P} C {Q}J
(P*R)o [

O = 01  O?
PG1/\ RO'Q

(C,;1)U01' J
(QxR)o’ J
show F {PxR} C {Q*R}j




Soundness of Frame rule

assume {P} C {Q}J
(P*R)o [

O = 01  O?
PG1/\ RO'Q

Q 01'J(C1;1)U01’ J
(QxR)o’ J
show F {PxR} C {Q*R}j




Soundness of Frame rule
assume F {P} C {Q}J

show F {PxR} C {QxR}

y




Soundness of Frame rule

assume k {P} C {Q}J

show F {PxR} C {Qx*R}

y




Summary

e A old-style proof of 1ist_reverse
e A proof of 1ist_reverse in separation logic
e Separation logic's proof rules

e Soundness of the Frame rule



3s1,52. S = s1 4+ s2 and (P s1) and (Q s2)
(P s) and (Q s)

(P s) or (Q s)

not (P s)

s = £5

s = £20

(v s) and (I
s>£5ands>£20

s > £20




3s1,52. S = s1 4+ s2 and (P s1) and (Q s2)
(P s) and (Q s)

(P s) or (Q s)

not (P s)

s = £5

s = £20

3s1,52. s = s1+s2 and (5~ s1) and (P

3s1,52. S = s1+s2 and s1 = £5 and s» = £20
s > £25



